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Abstract—This paper proposes a novel dual-phase-shift (DPS)
control strategy for a dual-active-bridge isolated bidirectional dc–
dc converter. The proposed DPS control consists of a phase shift
between the primary and secondary voltages of the isolation trans-
former, and a phase shift between the gate signals of the diagonal
switches of each H-bridge. Simulation on a 600-V/5-kW prototype
shows that the DPS control has excellent dynamic and static per-
formance compared to the traditional phase-shift control (single
phase shift). In this paper, the concept of “reactive power” is de-
fined, and the corresponding equations are derived for isolated
bidirectional dc–dc converters. It is shown that the reactive power
in traditional phase-shift control is inherent, and is the main factor
contributing to large peak current and large system loss. The DPS
control can eliminate reactive power in isolated bidirectional dc–
dc converters. In addition, the DPS control can decrease the peak
inrush current and steady-state current, improve system efficiency,
increase system power capability (by 33%), and minimize the out-
put capacitance as compared to the traditional phase-shift control.
The soft-switching range and the influence of short-time-scale fac-
tors, such as deadband and system-level safe operation area, are
also discussed in detail. Under certain operation conditions, dead-
band compensation can be implemented easily in the DPS control
without a current sensor.

Index Terms—DC–DC converter, deadband, dual active bridge
(DAB), phase-shift control, reactive power, safe operational area
(SOA).

I. INTRODUCTION

POWER electronic converters are used extensively in per-
sonal electronics, power systems, hybrid electric vehicles

(HEVs), and many other applications to provide dc voltage
sources and manage power flow by switching actions [1], [2].
To obtain high power quality, switching control strategies that
can achieve high performances are attracting more and more
attention [3], [4]. Many advanced control strategies, such as
fuzzy-neural control or sliding-mode control [3], [4], have been
proposed to enhance the steady-state and dynamic performance
of power electronic systems. Although these control strategies
are predicted to be promising in more complex-structured con-
verters, such as dual-active-bridge (DAB) dc–dc converters [5],
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Fig. 1. Electrical systems in a series HEV.

most of the present applications are still confined to simple-
structured circuits, such as buck, boost, and half-bridge con-
verters [6], [7].

Compared to traditional dc–dc converter circuits, isolated
bidirectional DAB dc–dc converters illustrated in Fig. 1 have
many advantages, such as electrical isolation, high reliability,
ease of realizing soft-switching control, and bidirectional en-
ergy flow [8], [9]. The control algorithm for such topology is
mainly limited to a PI-based phase-shift control [1], [9]. In
this traditional phase-shift control, the gate signals of the diag-
onal semiconductors, e.g., (Q1 , Q4) in Fig. 1, are the same.
The gate signals of the corresponding switches in the pri-
mary and the secondary bridges are phase-shifted. This control
algorithm is simple and easy to implement, but it is essen-
tially an active-power-centered control algorithm. It not only
lacks flexibility but also brings additional stress to the de-
vices used in the system during steady-state operation and
the starting-up process. In order to improve the system perfor-
mance, various control algorithms were explored. A phase-shift
plus pulsewidth modulation (PWM) and zero-voltage switching
(ZVS)–PWM control are presented in [10] and [11], respec-
tively. In these studies, the duty ratio of the gate signals of
each semiconductor device is variable, and should be calculated
online.

A double-phase-shift control for a unidirectional three-level
converter is proposed in [12]. The phase shift is implemented on
the primary side. A start-up circuit to suppress the inrush current
with a set of auxiliary circuits is proposed in [13]. Until this
point, there is no mature control or topology to depress the inrush
current in the starting process of isolated dc–dc converters.

It needs to be pointed out that, in the proposed dual-phase-
shift (DPS) control, when C1 is charged, there is still a big
inrush current. The inrush current should be controlled by the
peripheral circuitry that is beyond the scope of our paper.

This paper proposes a novel concept, DPS control, which
adds another degree of freedom to the system by adjusting the
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Fig. 2. Current waveforms under different operational states. (a) V1 = 205 V, V2 = 270 V. (b) Maximum current under different load. (c) Heavy-load condition.
(d) Light-load condition.

time sequence between the gate signals of diagonal semicon-
ductor switches, e.g., (Q1 , Q4) in Fig. 1. Theoretical analysis
shows that the proposed control strategy provides better dy-
namic and static performance than the traditional phase-shift
control. The proposed DPS control can decrease peak current,
eliminate reactive power, increase power capability, increase
system efficiency, and minimize the output capacitance. The
DPS control can also be used in the starting process to limit the
inrush current. This is particularly useful in high-voltage and
high-power converters where the safe operation area (SOA) is
difficult to design. The influence of some short-time-scale phys-
ical parameters on the control algorithm, such as deadband and
its compensation, are discussed in detail.

II. REACTIVE POWER IN DAB DC–DC CONVERTERS

In Fig. 1, if we assume energy flows from the primary (V1)
to the secondary (V2) and neglect losses, then the power of the
system for traditional phase-shift control is [14]

P =
nV1V2D(1 − D)

2fsLs
(1)

where D is the phase-shift ratio between the primary and sec-
ondary voltages of the isolation transformer, n is the turns ratio

of the transformer, V1 is the transformer primary voltage, Ls is
the equivalent leakage inductance of the transformer, and V2 is
the output voltage, and C1 and C2 are the primary and secondary
dc-link capacitors, respectively.

In traditional phase-shift-based DAB dc–dc converters, only
a phase shift D between the primary and secondary voltages of
the transformer is involved. In Fig. 1, the gate signals of Q1 and
Q4 (or Q2 and Q3) are always at 50% duty ratio with a square-
waveform output at the primary of the transformer. The gate
signals of Q1 and Q5 (or Q3 and Q7) are shifted in phase. Such
control is simple and easy to implement. Since there is only one
phase shift used in this control, this is named single-phase-shift
(SPS) control.

With SPS control, the maximum current Imax and initial cur-
rent Io in the transformer of the DAB converter in each of
the switching periods during steady-state operation can be ex-
pressed as

Imax =
n

4fS LS
[−(1 − 2D)nV1 + V2 ] (2)

I0 =
n

4fS LS
[(1 − 2D)V2 − nV1 ]. (3)

Fig. 2(a) shows the measured current and voltage wave-
forms of a prototype DAB dc–dc converter with SPS control
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for V1= 205V, V2= 270V, and Po= 0. It can be seen from (2),
(3), and Fig. 2 that when V2 �= nV1 , there is always a current
flowing in the transformer, even for phase shift D = 0 (where
output power P = 0). When V2 = nV1 , there is always a cur-
rent flowing in the transformer, except for D = 0. This current
contributes to the reactive power in the circuit.

Fig. 2(b) shows the peak current in steady-state operation as
a function of leakage inductance and output power. It can be
seen that for a given leakage inductance, the current does not
change very much as the output power changes. A consider-
able portion of the current is contributing to the reactive power,
especially under light-load conditions. The large current at low-
power output operations results in lower system efficiency and
large electrical stress on the semiconductor switches.

For traditional buck, boost, or half-bridge converters, there is
no reactive power since all the power flows from the power sup-
ply to the load or feeds back from the load to the power source
within one switching cycle. For bidirectional DAB converters,
the primary and secondary voltages applied to the transformer
are both square-wave ac. Their interaction is through the leak-
age inductance of the transformer. Therefore, the phase of the
primary current is not always the same as the primary voltage.
A portion of the power delivered to the load in one switching
period is consumed by the load resistor, while the other portion
is sent back to the primary voltage source. This is defined as re-
active power in isolated bidirectional dc–dc converters. Fig. 2(c)
and (d) illustrates the phase difference between the voltage and
current of the transformer secondary caused by phase shift. The
reactive power, which is the dark shaded area in Fig. 2(c) and
(d), is defined as

Q =
1
Ts

nV1

∫ t3

t2

i(t) dt. (4)

The polarity of transformer primary voltage will change at t =
t3 . In Fig. 2(c), i(t2) > 0 and i(t3) = 0. In Fig. 2(d), i(t2) = 0
and i(t3) < 0. Assuming nV1 < V2 and substituting (3) in (4),
the expression of reactive power can be derived as

Q = nV1
[(1 − 2D)V2 − nV1 ]2

16fS LS
×




1
nV1 + V2

, I0 < 0

0, I0 = 0
1

nV1 − V2
, I0 > 0.

(5)
A positive Q corresponds to heavy-load operation conditions,

where I0 < 0, and the current is lagging the voltage. Therefore,
positive Q is the inductive reactive power. A negative Q cor-
responds to light-load operation conditions, where I0 > 0, and
the current is leading the voltage. Therefore, a negative Q is the
capacitive reactive power.

It can be seen from (5) that except for the operational mode
where (1 − 2D)V2 = nV1 , there is always reactive power flow-
ing in the system. This portion of power does not contribute
to the output power, but increases the system loss and brings
high current impact on the semiconductor switches. Light-load
operations are accompanied by large reactive power.

III. DPS CONTROL OF DAB DC–DC CONVERTERS

A method to balance the reactive and active powers in parallel
connected inverters is proposed in [15]. In the proposed DPS
control, the goal is not only to “control” the reactive power,
but also to eliminate it totally. In order to significantly decrease
the current, and thus, reactive power of the DAB system, V1 or
V2 should not be confined to square waveforms with 50% duty
ratio. For example, if Q1 and Q4 do not have the same gate
signal, but have a phase shift of D1 , as shown in Fig. 3(a), the
transformer primary and secondary voltages will emerge as a
three-level instead of the traditional two-level. The duty ratio is
µ = 1 − D1 . The phase shift between the transformer primary
and secondary voltages is now defined as D2 . From Fig. 3(a),
when D1 ≤ 1/2, the expression of the output power is

P =
nV1V2

2fsLS

×




D2(2−2D1−D2), 0 ≤ D2 ≤ D1
D2(1−D1−D2)+D1−D2

1 , D1 ≤ D2 ≤ 1−D1
(1−D1)(1−D2), 1−D1 ≤ D2 ≤ 1

(6)

when D1 > 1/2

P =
nV1V2

2fsLS
×




D2(2−2D1−D2), 0 ≤ D2 ≤ 1−D1
(1−D1)2 , 1−D1 ≤ D2 ≤ D1
(1−D1)(1−D2), D1 ≤ D2 ≤ 1.

(7)

The traditional SPS control has only one phase shift (D)
that is between V1 and V2 . The proposed DPS control pre-
sented in Fig. 3(a) has two phase shifts. The contour lines in
Fig. 3(b) show that there are infinite combinations of (D1 ,D2)
for the same output power P . The global maximum power is at
(D1= 1/3,D2= 1/3) via the partial derivatives of (6) and (7).
The maximum output power is 4/3 times of the SPS control.
Hence, the DPS control offers larger power output capability
than does the SPS control.

The calculation of reactive power in the DPS system is rather
complex. For illustration purposes, only one operation condition
is considered, where nV1 = V2 and D1 ≤ 1/2. The expression
of reactive power is shown in (8). At operation conditions where
D2 < 1/2, the reactive power is always zero

Q =
nV1V2

2fsLS
×




0, 0 < D2 < D1

0, D1 < D2 < 1−D1

(nV1)2

16LS fS
(D1−D2)2 , 1−D1 < D2 < 1.

(8)
In the simulation of this paper, D1 and D2 are tuned by two

separate PI modulators. When less output power is required,
D1 will increase while D2 will decrease to deliver less power.
Fig. 4(a) shows the transformer primary voltage in the dynamic
process. When V1 collapses to a lower value, in order to main-
tain the same amount of output power, D2 should be increased.
Fig. 4(b) shows the dynamic performance of the two control al-
gorithms under disturbance when the load resistance is changed
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Fig. 3. Theory of DPS control. (a) Voltage waveforms of DPS. (b) Output power under different (D1 , D2 ).

from 200 to 50 Ω at 30 ms. It can be seen from Fig. 4(b) that
both static and dynamic performances of the DPS controlled
system are much better than that of an SPS controlled system.

Fig. 4(c) shows the comparison of the transformer primary
voltage for the two different control algorithms. Fig. 4(d) shows
the transformer secondary currents for the two control algo-
rithms. Under the same output power, the peak current of DPS
control is much smaller than that of the SPS control. The reactive
power is significantly erased from the system, while the active
power remains the same. The elimination of reactive power re-
sults in a lower current and higher efficiency compared to the
traditional SPS, especially under low-power output operations,
as shown in Fig. 4(e). However, this calculation is based on the
hard-switching mode. If soft-switching control is applied, this
figure should be redrawn. The soft-switching range of DPS will
be detailed in the following sections.

The peak currents for the two control algorithms are com-
pared in Fig. 4(f). It can be seen that under low-power operation
condition, the current of DPS control is less than that of the SPS
control. This is helpful in reducing the system loss. It can also
be seen from Fig. 4(f) that under the same equivalent leakage
inductance, the DPS control can output more power than SPS
control.

IV. OUTPUT VOLTAGE RIPPLE

Another distinct advantage of the proposed DPS control is to
reduce voltage ripple of the DAB dc–dc converter. Fig. 5 shows

the output voltage ripple of the DAB system for the two control
algorithms for C2 = 200µF with the same PI parameters. DPS
control has a significantly smaller output ripple than that of SPS
control.

A smaller voltage ripple results from the smaller reactive
power in the DAB system by DPS control. The secondary of
the DAB system can be simplified, as shown in Fig. 6. In this
equivalent circuit, when reactive power is delivered to the RC
network, the voltage will be charged from Vmin to Vmax

Q =
1
2
C(V 2

max − V 2
min) =

1
2
C(Vmax − Vmin)(Vmax+Vmin)

= VmeanC∆V (9)

and

∆V =
Q

VmeanC
. (10)

Therefore, the output voltage ripple is directly proportional
to the amount of reactive power in the circuit.

V. IMPLEMENTATION OF DPS CONTROL

Equation (7) shows that when 1 − D1 ≤ D2 ≤ D1 , P =
nV1V2(1 − D1)2/2fsLS , the traditional phase shift D2 is re-
voked, and the delivered power is determined only by the inner
phase shift D1 . This could be named as an independent surface,
as illustrated in Fig. 7.
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Fig. 4. Comparison of SPS and DPS. (a) Voltage waveforms of DPS. (b) Comparison of dynamic response of SPS and DPS. (c) Comparison of primary voltage
of SPS and DPS. (d) Comparison of primary current of SPS and DPS. (e) Efficiency comparison of DPS and SPS. (f) Comparison of primary currents of DPS and
SPS.

Fig. 5. Voltage ripple for the two control algorithms (C = 200 µF).

Fig. 6. Equivalent circuit of the output circuit of the DAB system.

Two PI modulators to tune (D1 , D2) in real applications may
not be practical. One of the methods to select (D1 , D2) is to use
the independent surface. Under the condition 1 − D1 < D2 <
D1 , the output power is determined only by the pulsewidth of
the bridge output voltage, i.e., 1 − D1 . In this case, D2 can be
set to 1/2, and only D1 needs to be tuned with pulsewidth µ
for the primary- and secondary-side voltages. When nV1 ≤ V2 ,
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Fig. 7. Independent surface in the DPS control. (a) Independent surface. (b) Optimized sequence decreasing the reactive power where nV1 ≤ V2 .

initial current I0 ≥ 0. If and only if nV1 = V2 , then I0 = 0.
At these circumstances, the reactive power is zero at all times,
which could be analyzed from the time sequence of Fig. 7(b).

VI. PERFORMANCE OF SPS-BASED HARD AND SOFT STARTING

OF DAB DC–DC CONVERTERS

The start-up issue must be addressed in dc–dc converters,
especially for high-voltage and high-power converters [13].
Fig. 8(a) and (b) corresponds to the condition where the ini-
tial voltage is 400 V, while the reference voltage is 600 V.
Fig. 8(a) compares the starting current between hard-starting
(HS, D = 1/2 directly) and soft-starting control algorithms (SS,
D increases from 0 to 1/2 slowly and smoothly). Fig. 8(b) shows
the output voltage for these two starting algorithms. In order to
decrease the current impact, phase shift D should be tuned
smoothly during the starting process.

However, if the initial voltage V2 = 0 V, the currents of hard-
starting and soft-starting control are very similar, as shown in
Fig. 8(c) and (d). At this circumstance, the starting current is
not determined by the control algorithm, but by the peripheral
circuit. Since the transformer secondary voltage is zero, the
largest current appears in the first half period

imax =
V

LS
∆t =

V1

LS

1
2fS

. (11)

The maximum current in (11) has no connection with phase
shift D when V2 = 0. It is only a function of V1 , Ls, and fs .
Therefore, the soft-starting control algorithm is revoked, as in
any optimal control [16].

For a traditional SPS-based DAB dc–dc converter, one of
the most important design issues is the leakage inductance Ls ,
which is a tradeoff between current impact and maximum output
power in the steady state. For the insulated gate bipolar transis-
tors (IGBTs) with current thresholds 65 A shown in Fig. 9, the
inductance selection must fall in range A for 10 kHz switching
frequency. Failure to design Ls within A will cause either over-
current or insufficient output power. However, when the inrush
current during the starting process is considered, the needed

leakage inductance falls into a different region, as shown in
Fig. 9. There is no intersection for the inductance selection to
both restrain starting inrush current at V2= 0 and provide the
rated output power simultaneously. Hence, in high-voltage and
high-power applications, the starting strategy with rated input
voltage and zero initial output voltage is not feasible.

The remedies for limiting the inrush current are: 1) increase
input voltage V1 from zero to the rated value with a tunable
transformer or a controllable rectifier; 2) precharge the output
voltage V2 and implement the soft-starting control algorithm
in Fig. 8(b); and 3) use IGBT with higher current ratings. All
the aforementioned methods will increase the cost and lack
feasibility in real applications.

VII. DPS CONTROL IN THE STARTING PROCESS OF DAB
DC–DC CONVERTERS

DPS control can be used to solve the inrush current problem
of DAB converters. From (11), the maximum current is directly
proportional to the equivalent V1 . That means that in the start-
ing process, if µ in Fig. 5(a) is increased smoothly and slowly
from zero or a relatively small value, the inrush current can be
decreased significantly.

Fig. 10(a) shows the difference of transformer voltage be-
tween the SPS and DPS controls during the starting process. The
inrush current impact of DPS control is suppressed significantly,
as shown in Fig. 10(b), whose peak is approximately one-fourth
of that of the traditional SPS control.

VIII. OTHER DISCUSSIONS

A. Soft-Switching Range of DPS Control

The soft switching of the proposed DPS control can be ana-
lyzed according to Fig. 3(a).

1) t = t0 : Q1 turns on and Q2 turns off. Q2 is hard switched
OFF while Q1 is switched on at zero current (ZCS ON)
since current flows through the antiparalleled diode, not
in Q1 .
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Fig. 8. SPS-based starting algorithms. (a) Current for SPS-based HS and SS (V2 = 400 V). (b) Output voltage for SPS-based HS and SS (V2 = 400 V).
(c) Current for SPS-based HS and SS (V2 = 0 V). (d) Output voltage for SPS-based HS and SS (V2 = 0 V).

Fig. 9. Inductance selection for starting and steady operations.

2) t = t1 : Q8 turns on and Q7 turns off. Q7 is hard switched
OFF while Q8 is ZCS ON.

3) t = t2 ; Q5 turns on and Q6 turns off. Q6 is hard switched
OFF while Q5 is ZCS ON.

4) t = t3 : Q3 turns on and Q4 turns off. Q4 is hard switched
OFF while Q3 is ZCS ON.

5) t = t4 : Q2 turns on and Q1 turns off. Q1 is hard switched
OFF while Q2 is ZCS ON.

6) t = t5 : Q7 turns on and Q8 turns off. Q8 is hard switched
OFF while Q7 is ZCS ON.

7) t = t6 : Q6 turns on and Q5 turns off. Q5 is hard switched
OFF while Q6 is ZCS ON.

8) t = t7 : Q4 turns on and Q3 turns off. Q3 is hard switched
OFF while Q4 is ZCS ON.

Therefore, all the turn-off actions are hard-switching, while
all the turn-on actions are ZCS. In the turn-on process, all the loss
is in the antiparalleled diode since there is no current in the main
switches. This analysis is only for Fig. 3(a) where D1 < D2 <
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Fig. 10. Soft-starting processes under SPS and DPS control. (a) Comparison of primary voltages under SPS and DPS. (b) Comparison of currents under SPS
and DPS.

Fig. 11. Comparison of phase-shift angle in the steady state to maintain con-
stant output voltage in SPS control.

1 − D1 . For other operation modes, such as 1 − D1 < D2 < 1,
the current waveform is different; therefore, the soft-switching
range will also be different.

B. Influence of Deadband on SPS and DPS

DPS control is very effective for operation conditions when
the output power is below the rated power. However, at these
operation conditions, the deadband effect becomes significant.
With the increase of the deadband time, the performance of any
control algorithm will deteriorate. For example, for traditional
SPS control, the phase-shift angle distorted by the deadband
needs to be compensated in order to maintain the desired output
power. Fig. 11 shows the needed phase-shift angle affected by
the deadband. It can be seen that under light-load conditions, the
deadband effect is much more severe than that under heavy-load
conditions. Fig. 12 illustrates the influences of a deadband on
the phase shift. Q1–Q8 are the gate signals for the corresponding
IGBTs for SPS and DPS control, respectively.

The shadow area is the deadband, which pushes the rising
edges of gate signals backward accordingly. For SPS, all the
IGBTs in the same H-bridge modules are turned off during the
deadband, where the output voltage is determined by the current

direction. When I(t0) < 0 (inside the bridge) the output volt-
ages are nearly the same with the no-deadband ideal operation.
When I(t0) > 0, a phase shift Φdb is erased from the output
voltage due to the uncontrolled state. Whether for SPS or DPS,
when I(t0) > 0, in order to maintain the output voltage to be
the same as that in the ideal operation, an additional phase-shift
angle

φdb = Tdeadband
∗2πfS (12)

is needed to compensate the phase shift φ∗ derived from the ideal
operation. With the increase of the deadband time, the inherent
φdb will occupy a larger portion

φ = φ∗ + φdb (13)

where φ∗ is the ideal shift angle calculated by (1). This deadband
compensation shift φdb will limit the advantage of any advanced
control strategy, especially in high-voltage and high-power con-
verters, where the deadband designed is large to guarantee the
reliability of the safe operation of semiconductor switches. For
DPS control, the deadband will not influence D but will erase
µ, the pulsewidth of the primary and secondary voltages. In
Fig. 12(c), V ′

p and V ′
s are the voltage waveforms affected by

the deadband. Since within the deadband, the system is in the
uncontrolled state, deadband generally deteriorates the perfor-
mance of the system, as shown in Fig. 13.

Whether for SPS or DPS control, the deadband effect is com-
pensated for by the PI modulators automatically. However, for
SPS control, such a deadband effect is hard to compensate due
to the abrupt variation of the current direction during the dead-
band, especially when the load changes. This is very different
from inverter design where the deadband can be compensated
easily [17], since the duty ratio of gate signals is varied during
each fundamental period.

For DPS control, assume that nV 1 > V2 , then I(t0) < 0,
where no deadband compensation is needed. When nV 1 < V 2 ,
I(t0) > 0, where the deadband effect emerges. However, dur-
ing the deadband, the current direction will be maintained as
positive regardless of the load condition. Thus, it is very easy to
implement deadband compensation without any current sensor,
which is very important for future digital system design.
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Fig. 12. Influence of the deadband on the phase shift. (a) Heavy load (I(t0 ) < 0), for SPS. (b) Light load (I(t0 ) > 0), for SPS. (c) nV1 < V2 (I(t0 ) > 0), for
DPS. (d) nV1 > V2 (I(t0 ) < 0), for DPS.

It can be seen from Fig. 13 that when deadband increases, both
static error and dynamic response time of the output voltage are
deteriorated. More generally, it could be predicted that other
short-time-scale factors, such as nonlinearity of semiconductor

switches, stray parameters, and implementation time of micro-
controllers, are key factors affecting the performance of the con-
trol algorithms. This is one of the reasons why most advanced
control algorithms are not yet practicable in real applications.
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Fig. 13. Deadband influence on DPS control.

IX. CONCLUSION

In order to overcome the inherent disadvantages of traditional
SPS control, this paper proposed a novel DPS control, which
adjusts the duty ratio of the primary and secondary voltages of
the high-frequency isolation transformer between 0% and 50%,
and simultaneously shifts the gate signals between the primary
and secondary voltages. The DPS control is essentially a vari-
able pulsewidth plus phase-shift control. Simulation shows that
DPS control not only offers excellent steady-state and dynamic
performance but also improves the system efficiency. It can also
be used in the starting process to limit high inrush current with-
out the need for additional hardware. The deadband effect is
also easier to compensate in DPS control than in SPS control.

Our first-stage work still lacks the detailed experiments. The
work in [18] is similar to our work, although only modulating
the duty ratio of the primary-side voltage, where the efficiency is
higher than traditional SPS. Further effort is needed to validate
the earlier theoretical analysis.
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