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Abstract—A battery system consists of many battery cells or
modules that may have different characteristics. To achieve re-
liable, efficient, and extended utilization of battery systems, the
battery management system (BMS) must keep track of individual
cell-level dynamics, state of charge (SOC), state of health (SOH),
failure status, and life-expectancy prediction. Current battery
technology employs cell- or module-level voltage sensors, with
high costs for sensors and packaging, and substantial reliability
issues. This paper introduces new methods that utilize existing cell-
balancing circuits to estimate an individual cell’s voltage and
current from battery string terminal voltage/current measure-
ments. This is achieved by actively controlling balancing circuits
to create partial observability for battery cell subsystems. Control
strategies, estimation algorithms, and their key properties are
developed. Some typical battery model structures are used to
illustrate the usage of the methods.

Index Terms—Balancing circuit, battery management systems
(BMSs), battery systems, observability, state estimation, system
identification.

I. INTRODUCTION

BATTERY systems and their management are essential for
electric vehicles (including hybrid electric, plug-in hybrid,

fuel cell, and solar vehicles), renewable-energy generators, and
smart grid development [1]. Battery systems consist of many
battery cells or modules that could have different character-
istics. Issues, such as cell aging, imbalance in thermal distri-
butions and charge/discharge rates, and variations in chemical
properties, become more pronounced during battery operation.
To achieve reliable, efficient, and extended utilization of battery
systems, the battery management system (BMS) must keep
track of individual cell-level dynamics, state of charge (SOC),
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state of health (SOH), failure status, and life-expectancy pre-
diction [2]–[6]. To accomplish this, existing approaches require
individual cell’s voltage and current data for internal state
estimation and system identification [7]–[9], with high costs for
sensors and packaging, and substantial reliability issues.

Cell balancing is an essential BMS function, particularly
for Li-ion batteries [10], [11]. To supply required voltages,
battery cells must be connected in series. During charge and
discharge, each cell in the string will be subject to the same
current but will have different SOCs due to several factors.
First, cells have different maximum capacities. Even if the
manufacturer makes the best effort to match capacities for new
cells, nonuniform operating conditions impose different ther-
mal and electrical stress on cells, causing changes in capacities.
Second, although Li-ion cells have small self-discharge rates,
small differences can accumulate over time, causing different
SOCs even for cells with nearly identical capacities. Third,
variations in internal impedance and material aging inevitably
lead to nonuniform cell characteristics. To protect the cells
from overheat, overcharge, and overdischarge, the operation
of the string is fundamentally limited by the weakest cell,
the one reaching SOC upper or lower boundaries first. Cell
SOC imbalance in a string prevents cells from supplying their
capacities fully, and consequently limits the battery run time,
SOH, and life cycles. Cell balancing aims to reduce SOC
imbalances within a string by controlling the SOCs of the cells
so that they become approximately equal. This can be achieved
by dissipating energy from the cells of higher SOCs to shunt
resistors or shuffling energy from the highest SOC cell to the
lowest SOC cell or by incremental cell balancing through paired
cells in stages [1], [11], [12].

Battery modules are comprised of multiple strings of cells.
In a conventional string setup, the voltages of each cell and
the string need to be measured by voltage transducers. In
addition, each string requires a string current sensor. Sensor
failures reduce battery reliability. Extensive sensor deploy-
ments increase costs, packaging difficulty, and control and
thermal management complexity. A technical question arises:
Is it possible to derive and estimate cell internal states by using
only the string terminal voltage and current data? In principle,
this cannot be achieved since the system is not observable. In
other words, there are always infinitely many possible internal
voltage/current values that will produce the same terminal
voltage.

This paper introduces new methods that utilize the existing
cell-balancing circuits to estimate individual cells’ voltages
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and currents from the battery string terminal voltage–current
measurements. Balancing circuits are mandatory in battery
management and integrated in battery packs. Utilizing this
existing hardware feature, we can achieve internal observability
without detrimental effects on normal balancing operations.
Using the methods of this paper removes the cost of the
voltage sensors at each cell. It should be emphasized that,
under any fixed balancing circuit condition, the battery system
remains unobservable. However, switching of cell-balancing
circuits creates a partially observable system under which some
cell’s voltage and current become observable from the terminal
voltage/current data. By strategically controlling the balancing
circuits in certain sequences, all cells become observable over
time. Control strategies, estimation algorithms, and their key
properties for our methodology are developed.

Many battery models have been proposed, with similar
structures but different expressions or nonlinearities [13]–[18].
For concreteness in algorithm development, a typical circuit
model of lithium ion batteries [10], [19], [20] and a typi-
cal nonlinear model from the SimPower Systems Toolbox in
Matlab/Simulink [21], [22] are used to illustrate the meth-
ods, although such selections are not limiting factors for the
methods.

In addition, this paper derives a scheme to estimate the SOC
and capacity of each cell. With successful implementation of
this scheme, cell balancing, charge/discharge control, and SOH
prediction can be more accurately achieved. In particular, the
capacity estimation allows the BMS to control the cell-charging
rate to be proportional to its capacity so that cell imbalance
during charge/discharge can be minimized. Then, the SOC
estimation provides the target reference values to reach cell
balance.

The remainder of the paper is organized into several sec-
tions. Section II describes the battery models that are used in
developing cell voltage/current estimation by using only the
string terminal voltage/current data. Although the methodolo-
gies of this paper can be used in different model structures,
their actual derivations rely on model details. In this paper,
we have selected two typical model structures. One is the
basic linear circuit model, and the other is a popular non-
linear model embedded in the SimPower Systems Toolbox
in Matlab/Simulink [22]. Both model structures have been
validated by experimental data and used in many applications
[19]–[21]. The main methodology for cell-level voltage/current
estimation is presented in Section II on linear circuit mod-
els first, which shows how to apply active control of bal-
ancing circuits to derive cell voltage/current values from the
string terminal voltage/current data. Since balancing circuits
are necessary for Li-ion battery operation, our methodology
does not carry additional hardware costs. Further issues on
noisy measurement data and unknown model parameters are
discussed. Extension of the methodology to nonlinear battery
models is considered in Section III. Section IV is devoted to
integrated SOC estimation and model parameter estimation.
Estimation algorithms, recursive schemes, and convergence
properties are discussed. Finally, Section V summarizes pos-
sible applications of our methodologies in some essential BMS
functions.

Fig. 1. Battery cell string with shunt resistor balancing circuits.

II. CONTROL OF BALANCING CIRCUITS FOR ENHANCED

OBSERVABILITY ON BATTERY SYSTEMS

To facilitate discussions on the key issues and challenges
in real-time battery model identification and state estima-
tion, we first employ, as a typical simplified model structure,
the resistance–capacitance battery model, which is part of
ADVISOR which was developed at National Renewable
Energy Laboratory [19], [20].

A battery pack contains battery cells in serial and parallel
connections. At present, for safety and battery management,
cell-level measurements are common, including cell terminal
voltage and cell thermal sensors. In this section, we specify
the battery model structures that will be used subsequently
for development of adaptive management strategies. It is noted
that balancing circuits create a set of possible battery circuit
configurations. Consequently, balancing circuit switching can
be represented by a hybrid system, whose switching index α
takes values in a finite set of possible circuit configurations.

A battery string with a typical passive balancing circuit is
shown in Fig. 1. The primary purpose of the passive balancing
circuit is to adjust charge/discharge rates for each battery cell.
For a comparison of different cell-balancing circuits, we refer
the reader to [11]. The ON-state resistors of the balancing
circuit are design variables, which can be selected according to
the required speed of balancing, power consumption, thermal
management, etc. Control of the on–off switching can be used
in a pulse-width modulation (PWM) fashion to further adjust
balancing rates. In this paper, we use the existing balancing
circuit by controlling it to enhance system observability. The
main idea is to switch the shunt for a very small time interval
to temporally create a partially observable subsystem. Since the
duration of such a switch is very small in comparison with the
charge/discharge time, this operation has negligible effect on
normal cell-balancing operations.
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A. Cell Voltage Computation for Linear Circuit Models of
Battery Systems Under Passive Balancing Circuits

In Fig. 1, when a balancing shunting circuit switches at t
from “off” to “on,” we use time t− to denote the time right
before switching and t+ to denote the time right after switching.
i is the string current (in amperes); v is the string terminal
voltage (in volts); vi is the cell open-circuit voltage, which is the
capacitor voltage in the model; and Ri is the ith cell’s internal
resistance. The balancing shunt resistance is Rb

i . The positive
directions of voltages and currents are defined as marked
in Fig. 1.

We shall consider a string of n cells. To describe the basic
ideas, we will use the switching of the first cell as a repre-
sentative example. Denote ṽ = v2 + · · ·+ vn and R̃ = R2 +
· · ·+Rn. v− = v(t−) and i− = i(t−) are the values of v and
i, respectively, at t−; and v+ and i+ are the values of v and i,
respectively, at t+; and similarly, i1+ = i1(t+), etc. Assume
that only the string terminal v and i are measured. Neither
the cell terminal voltage nor cell branch current i1 or ib1 are
measured.

For now, we assume that all model parameters are known.
Suppose that, at t−, all balancing switches are in “off” posi-
tions. In this case, i1− = · · · = in− = i−. The string terminal
voltage is

v− = v1 + ṽ − (R1 + R̃)i−. (1)

At t+, switch S1 is turned “on,” but all other switches remain
in “off” positions. The corresponding string terminal voltage
becomes

v+ = v1 + ṽ −R1i1+ − R̃i+ (2)

where the cell open-circuit voltages remain same due to
capacitance.

From

v1 −R1i1+ = Rb
1i

b
1+, i+ + ib1+ = i1+

we have

v1 −R1i1+ = Rb
1(i1+ − i+) = Rb

1i1+ −Rb
1i+.

This implies

i1+ =
1

R1 +Rb
1

(
v1 +Rb

1i+
)
. (3)

It follows that

v+ = v1 + ṽ − R1

R1 +Rb
1

(
v1 +Rb

1i+
)
− R̃i+

=
Rb

1

R1 +Rb
1

v1 + ṽ −
(

R1R
b
1

R1 +Rb
1

+ R̃

)
i+.

Consequently, the net change in the terminal voltage before and
after the switching of S1 is

δ1 = v+ − v−

= − R1

R1 +Rb
1

v1 −
(

R1R
b
1

R1 +Rb
1

+ R̃

)
i+ + (R1 + R̃)i−.

Since δ1, i−, and i+ are all measured, v1 can be calculated.

In the common case i+ = i− = i (constant current load), this
expression is simplified to

δ1 = − R1

R1 +Rb
1

v1 +
(R1)

2

R1 +Rb
1

i. (4)

B. Noise Attenuation

The aforementioned algorithms for estimating cell internal
voltages from the string terminal voltage are accurate under
noise-free voltage measurements. However, estimation accu-
racy is quite sensitive to measurement noises. To attenuate noise
impact on estimates, we introduce the following averaging
method:

Suppose that, at a selected time t, v1(t) of the first cell is to
be estimated. For a small time interval of length t0, we apply
fast switching of S1 2N0 times in [t, t+ t0] and calculate N0

voltage jumps δ1(k), k = 1, . . . , N0. Then, the average of the
jumps is calculated as

δ̄1 =
1
N0

N0∑
k=1

δ1(k).

δ̄1 is then used in place of δ1 in the aforementioned algorithms.
The theoretical foundation is that, if the measurement noise

is independent and identically distributed with zero mean and
variance σ2, then by this averaging, the error on δ̄1 is also
of zero mean but with a much-reduced variance of σ2/N0.
Consequently, much more accurate voltage estimates can be
achieved.

C. Unknown Parameters and Joint Estimation Problems

In practice, the model parameters Cj and Rj for the jth cell
are unknown a priori and change with operating conditions
and cell aging. Consequently, for real-time usage in BMS, each
cell’s model parameters need to be estimated jointly with the
OCV vj .

Assume that the load current i is smooth (so that i(t+) =
i(t−) = i(t)). For discussion, we use j = 1 as a generic cell.
Suppose that S1 has been switched on m times, starting at tk
with duration τk, k = 1, . . . ,m, i.e., “on” in [tk, tk + τk) and
“off” in [tk + τk, tk+1). Based on (4)

δ1(tk) = − R1

R1 +Rb
1

v1(tk) +
(R1)

2

R1 +Rb
1

i(tk). (5)

Furthermore, the dynamic system for v1(t) can be derived
as follows: When S1 is turned on in [tk, tk + τk), i1(t) is
determined by (3) and

C1
dv1(t)

dt
= −i1(t) = − 1

R1 +Rb
1

v1(t)−
Rb

1

R1 +Rb
1

i(t).

Hence

v1(tk + τk) = e
− 1

C1(R1+Rb
1
)
τk
v1(tk) + q11k (6)
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where q11k =−(Rb
1/(C1(R1+Rb

1)))
∫tk+τk
tk

e−1/(C1(R1+Rb
1))(tk+τk−t)

i(t)dt. When S1 is turned off in [tk + τk, tk+1), i1(t) = i(t),
and C1(dv1(t)/dt) = −i(t). Then

v1(tk+1) = v1(tk + τk) + q12k (7)

where q12k = −1/C1

∫ tk+1

tk+τk
i(t)dt. Combining (6) and (7),

we have

v1(tk+1) = e
− 1

C1(R1+Rb
1
)
τk
v1(tk) + q1k

where q1k = q11k + q12k is calculated from i(t) and, hence, is a
known value. Iteration on k implies that

v1(tk+1) = e
− 1

C1(R1+Rb
1
)

∑k

l=1
τl
v1(t1)

+

k−1∑
l=1

e
− 1

C1(R1+Rb
1
)

∑k

p=l+1
τp
q1l + q1k.

This expression may be written as

v1(tk+1) = h̃k+1 (θ1, v1(t1))

where θ1 = [C1, R1, R
b
1]

′. Substituting this into (5), we have

δ1(tk) = − R1

R1 +Rb
1

h̃k (θ1, v1(t1)) +
(R1)

2

R1 +Rb
1

i(tk)

which can be compactly expressed as

δ1(tk) = hk (θ1, v1(t1)) + g(θ1)i(tk), k = 1, . . . ,m
(8)

where

hk(θ1, v1 (t1))=− R1

R1+Rb
1

h̃k(θ1, v1 (t1))

g(θ1) =
(R1)

2

R1+Rb
1

.

The joint estimation problem aims to estimate θ1 and v1(t1)
simultaneously from the m equations in (8). The algorithms
for solving this joint estimation problem and their convergence
properties will be presented in Section IV.

D. Illustrative Examples

Example 1—Noise-Free Observations: Suppose that the
load current is kept as a constant i = 1 (in amperes) and the
string contains only two cells (see Fig. 2), which also indicates
the positive directions of voltages and currents. For analysis,
we consider the three relevant circuit configurations: 1) Both
switches are “off.” 2) S1 is “on,” but S2 is “off.” 3) S2 is “on,”
but S1 is “off.” The state space models for these configurations
are summarized as follows: Let x = [v1, v2]

′, where x′ is the
transpose of x.

1) Both S1 and S2 are “off,” i.e.,

ẋ =

[
0 0
0 0

]
x+

[− 1
C1

− 1
C2

]
i

v = [1, 1]x+ (R1 +R2)i.

Fig. 2. Two-cell string with balancing circuits.

2) S1 is “on,” but S2 is “off,” i.e.,

ẋ =

[ −1

C1(R1+Rb
1)

0

0 0

]
x+

[
− Rb

1

C1(R1+Rb
1)

− 1
C2

]
i

v =

[
R1

R1 +Rb
1

, 1

]
x−

(
R1R

b
1

R1 +Rb
1

+R2

)
i.

3) S2 is “on,” but S1 is “off,” i.e.,

ẋ =

[
0 0
0 −1

C2(R2+Rb
2)

]
x+

[ − 1
C1

− Rb
2

C2(R2+Rb
2)

]
i

v =

[
1,

R2

R2 +Rb
2

]
x−

(
R2R

b
2

R2 +Rb
2

+R1

)
i.

Assume that the cells have the following true parameters:
C1 = 80 000 F, R1 = 0.11 (Ω), Rb

1 = 5 (Ω), C2 = 75 000 F,
R2 = 0.13 (Ω), and Rb

2 = 5.5 (Ω). The initial voltages on the
capacitors are v1(0) = 3.1 V and v2(0) = 3.4 V. We start with
the normal discharge operation when both S1 and S2 are off.
The first switching occurs at T = 60 s when switch S1 is turned
on, but S2 remains off. At T = 120, switch S1 is turned off,
and the battery system returns to normal operation. Then, at
T = 180, switch S2 is turned on, and S1 remains off. The
trajectories of the cell capacitor voltages and the string terminal
voltage are plotted in Fig. 3.

The actual cell internal voltages and their estimates are given
as follows: At T = 60, the actual voltage of cell 1 is v1(60) =
3.0993, and its estimate is v̂1(60) = 3.0994. At T = 180, the
actual voltage of cell 2 is v2(60) = 3.3976, and its calculated
estimate is v̂2(60) = 3.3977.

Example 2—Noisy Observations: The aforementioned cell
internal voltage estimation is sensitive to measurement noises.
For the same system and estimation algorithm as in Example 1,
suppose that the voltage measurement is subject to noises
of uniform distribution in [−0.01, 0.01], representing a high-
precision voltage sensor. The trajectories of the cell capacitor
voltages and the string terminal voltage are plotted in Fig. 4.
A sample of the estimates shows the following values: At
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Fig. 3. Cell and terminal voltage trajectories under noise-free observations.

Fig. 4. Cell and terminal voltage trajectories under noisy observations on the
string terminal voltage.

T = 60, the actual voltage of cell 1 is v1(60) = 3.0993, and its
calculated estimate is v̂1(60) = 2.8826. At T = 180, the actual
voltage of cell 2 is v2(60) = 3.3976, and its calculated estimate
is v̂2(60) = 2.8895. Clearly, the accuracy is lost.

Example 3—Noisy Observations and Estimation With
Averaging: To improve estimation accuracy, we now apply the
fast switching scheme with estimate averaging. At the time of
estimating v1(60), we apply a fast switching of 400 (N0 = 200)
switching in the interval of 8 s. The calculated string terminal
voltage jumps are observed and then averaged. The averaged
value is then used to estimate v1(60). This is repeated for the
v2 estimation at T = 180. Under the same noise condition as
Example 2, the trajectories of the cell capacitor voltages and
the string terminal voltage are plotted in Fig. 5. A sample
of the estimates shows the following values: At T = 60, the
actual voltage of cell 1 is v1(60) = 3.0993, and its calculated
estimate is v̂1(60) = 3.0965. At T = 180, the actual voltage
of cell 2 is v2(60) = 3.3976, and its calculated estimate if
v̂2(60) = 3.3753. These results indicate much improved esti-
mation accuracy.

Fig. 5. Cell and terminal voltage trajectories under noisy observations and fast
switching schemes.

Fig. 6. Battery cell string with energy shuffling balancing circuits.

E. Algorithms for Linear Circuit Models of Battery Systems
Under Energy Shuffling Balancing Circuits

The shunt resistor circuit in Fig. 1 is the simplest structure
for cell balancing. When a cell’s SOC is evaluated to be higher
than others, its bypass circuit is turned on, and the cell is
discharged to reduce its SOC. The energy is lost as heat through
the shunt resistor during the balancing. As a result, this cell-
balancing structure reduces battery efficiency. In contrast, the
energy shuffling circuit in Fig. 6 will connect the cell with the
highest SOC in the string to the balancing capacitor and charge
the capacitor. The energy stored in the capacitor is then shuffled
to the cell with the lowest SOC. Under this balancing structure,
we assume that the string current, the string terminal voltage,
and the voltage of the shuffling capacitor are measured. The
cell-level voltage sensors are eliminated.

Suppose that, at time t, switch S1 is turned to “on” position.
Referring to Fig. 6, we denote ṽ2(t) = v2(t) + · · ·+ vn(t) and
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R̃2 = R2 + · · ·+Rn. Suppose that right before t (and right
after t), the terminal voltage and current are v− and i− (and v+
and i+), respectively. Since vc(t) is measured and is continuous
at t, it is available in our calculation.

At t−

v− = v1 + ṽ2 − i−(R1 + R̃2)

and at t+

v+ = vc + ṽ2 − i+R̃2.

Consequently, the terminal voltage difference is

δ1 = v+ − v−

= − v1 + i−(R1 + R̃2) + vc − i+R̃2

= − v1 + (i− − i+)R̃2 + i−R1 + vc.

It follows that

v1 = −δ1 + vc + (i− − i+)R̃2 + i−R1. (9)

As a result, v1 is estimated from measurement data on the
terminal voltage, terminal current, and the shuffling capacitor
voltage, eliminating the cell voltage sensors.

Although the algorithms for estimating the cell OCV under
the energy shuffling balancing circuit are different from these
under the shunt resistor balancing circuit, they follow the same
principles. Since vc is available, the derivations are, in fact,
simpler. We note that the previous discussions on noisy obser-
vations and noise attenuation under the shunt resistor balancing
circuit can also be directly applied here. Due to their similarity,
these will not be repeated here.

III. STATE AND PARAMETER ESTIMATION ON NONLINEAR

BATTERY MODELS

Although the goal of cell balancing is justifiably to equalize
SOCs, for its run-time implementation, accurate SOC estima-
tion and capacity determination are difficult. Consequently,
many existing cell balancing systems are actually cell-voltage-
balancing circuits. In other words, by comparing cell voltages,
the balancing circuits try to equalize cell terminal voltages.
This technology has fundamental drawbacks. Since terminal
voltages are affected by cell impedances, which are partially
the reason for cell imbalance, equalizing terminal voltages
will leave SOC uneven. In other words, terminal voltage bal-
ancing is always subject to imbalance on SOCs. In addition,
the characteristic curves (terminal voltage versus depth of
charge/discharge) vary from cell to cell. When a cell ages, the
cell voltage will be a poor indicator of its SOC. This is an acute
problem for Li-ion batteries since their characteristic curves are
quite flat in the normal operating ranges.

This section will present joint estimation algorithms for
SOC and model parameters that only use the string terminal
voltage/current measurements to achieve individual cells’ SOC
and parameter estimation simultaneously.

Battery monitoring, control, diagnosis, and management
require parameter estimation and SOC estimation. We now
show how the method described in the previous sections can
be applied to this problem which is fundamental in BMS.
Although the linear circuit model of the previous sections have
been used in BMS, more commonly used and more accurate
models are nonlinear. As a result, we will use the nonlinear
circuit models embedded in the SimPower Systems Toolbox in
Matlab/Simulink [21], [22] to illustrate how the aforementioned
ideas can be used in nonlinear battery models.

A. Model Structures

For a string of n cells, the nonlinear circuit model for the jth
cell has the output equation in the form

vj = hj − gjij , j = 1, 2, . . . , n (10)

where vj is the cell terminal voltage, and ij is the cell current.1

Functions hj and gj depend on the open-circuit voltage, cell
capacity, SOC, polarization coefficient, etc. The equations we
derive here will later be used to estimate these variables.

Based on the model from the SimPower Systems Toolbox
in Matlab/Simulink [21], [22], we derived in [23] a simplified
model structure for a Li-ion battery (a cell or a module). For
a single cell, Liu et al. [23] introduced a method to jointly
estimate model parameters and SOC. The situation here is more
complicated due to cell-to-cell interconnections in a string.

The dynamic model for the SOC of the jth cell is

ṡj = − 1
Qj

ij
3600

, j = 1, . . . , n (11)

where sj and Qj are the SOC and the maximum capacity of the
jth cell, respectively.

To illustrate algorithm development, we have chosen the
discharge operation for discussion. In addition, for simplicity, in
this paper, thermal dynamics is neglected. During the discharge
operation, the output function takes the form

vj(t)=E0j−Kj
Qj (1−sj(t))

sj(t)
−
(

Kj

sj(t)
+Rj

)
ij(t) (12)

which contains four unknown parameters E0j (internal poten-
tial), Kj (polarization coefficient), Qj (capacity), Rj (internal
impedance), and the SOC sj(t).

Suppose that the starting time for discharge is t0 and the SOC
at t0 is sj(t0) = s0j , which is unknown. From

ṡj = − 1
Qj

ij
3600

we have

sj(t) = s0j −
λj(t)

Qj

1We emphasize that vj is the terminal voltage and not the open-circuit
voltage of the cell. Estimation of the open-circuit voltage, cell capacity, SOC,
and model parameters will be presented later.
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where

λj(t) =
1

3600

t∫
t0

ij(τ) dτ.

λj(t) is calculated from the derived ij(t) and, hence, is known.
The simplified output equation (12) becomes

vj(t) =E0j −Kj
Qj (1 − sj(t))

sj(t)
−Kj

ij(t)

sj(t)
−Rjij(t)

=E0j +KjQj −
KjQj

s0j − 1
Qj

λj(t)

−
(

Kj

s0j − 1
Qj

λj(t)
+Rj

)
ij(t)

=hj − gjij(t)

where

hj=E0j+KjQ0−
KjQj

s0j− 1
Qj

λ0(t)
, gj=

Kj

s0j− 1
Qj

λj(t)
+Rj .

Under this expression, the five unknown parameters of the cell
model are E0j , Kj , Qj , Rj , and the initial state-of-charge
s0j . For estimation of these unknown parameters, we use θj =
[E0j ,Kj , Qj , Rj , s0j ]

′, j = 1, . . . , n, and θ = [θ1, . . . , θn]. θ
represents 5n unknown parameters to be estimated. To indicate
clearly the unknown parameters, we will use

vj(t) = hj (θj ;λj(t))− gj (θj ;λj(t)) ij(t). (13)

B. Cell Terminal Voltage Estimation From String
Voltage/Current Data

We now show how cell voltages can be derived from string
voltage/current data. The goal is to derive the cell terminal volt-
age vj . Assume that, at t−, all switches are in “off” positions.
For the first cell, its terminal voltage at t− is

v1− = h1 − g1i1−

and at t+

v1+ = h1 − g1i1+.

From

h1 − g1i1+ = Rb
1i

b
1+; i+ + ib1+ = i1+

we have

h1 − g1i1+ = Rb
1(i1+ − i+) = Rb

1i1+ −Rb
1i+.

Hence

i1+ =
h1 +Rb

1i+
g1 +Rb

1

.

It follows that

v1+ =h1 −
g1

g1 +Rb
1

(
h1 +Rb

1i+
)

=
Rb

1

g1 +Rb
1

h1 −
g1R

b
1

g1 +Rb
1

i+.

Now, the string terminal voltage is

v−=v1−+· · ·+vn−=h1 − g1i−+· · ·+hn − gni−.

v+=
Rb

1

g1+Rb
1

h1−
g1R

b
1

g1+Rb
1

i++h2 − g2i++· · ·+hn − gni+.

Consequently, the net change in the string terminal voltage is

δ1 = v+ − v−

= − g1
g1 +Rb

1

h1 −
g1R

b
1

g1 +Rb
1

i+ + g1i−

+ (g2 + · · ·+ gn)(i− − i+).

Let ε = i+ − i− and g̃ = g2 + · · ·+ gn. Then

δ1 = − g1
g1 +Rb

1

h1 −
g1R

b
1

g1 +Rb
1

(i− + ε) + g1i− − g̃ε

= − g1
g1 +Rb

1

(h1 − g1i−)−
(

g1R
b
1

g1 +Rb
1

+ g̃

)
ε.

Since h1 − g1i− = v1−, we have

δ1 = − g1
g1 +Rb

1

v1− −
(

g1R
b
1

g1 +Rb
1

+ g̃

)
ε. (14)

While (14) implies that v1− can be derived as

v1− = −g1 +Rb
1

g1

(
δ1 +

(
g1R

b
1

g1 +Rb
1

+ g̃

)
ε

)
for parameter and SOC estimation, (14) will be used directly.

Relationships (13) and (14) lead to the following observation
equation for the jth cell:

δj=− gj(θj ;λj(t))

gj (θj ;λj(t)) +Rb
j

(hj (θj ;λj(t))− gj (θj ;λj(t)) i−)

−

⎛⎝ gj (θj ;λj(t))R
b
j

gj (θj ;λj(t)) +Rb
j

+
∑
l �=j

gl (θl;λl(t))

⎞⎠ ε

= f(j; θ), j = 1, . . . , n.

Since all the parameters are estimated together, for algorithm
development, we will suppress the cell notation j and write
these observation equations in terms of the time index l:

δ(l) = fl(θ), l = 1, 2, . . . , k (15)

for a total of N observations. In algorithm implementation, one
may simply generate equations for the cells periodically, i.e.,
δ(1) for cell 1, . . . , δ(n) for cell n, δ(n+ 1) for cell 1, etc.
However, this is not mandatory.
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From (15), we have a total of k equations to solve for 5n
unknowns contained in θ. These equations may be compactly
expressed as

Δk = Fk(θ) (16)

where Fk = [f1(θ), . . . , fk(θ)]
′, and Δ = [δ(1), . . . , δ(k)]′.

Estimation algorithms and their properties are discussed in the
next section.

IV. ESTIMATION ALGORITHMS

Estimation algorithms aim to solve (16) for θ. Due to obser-
vation noises on v and i, the measured or calculated values of
δ(l) and fl(θ) are noise corrupted, i.e.,

δ(l) = fl(θ) + dl (17)

where dl represents the consolidated measurement noises.
Thus, the actual equations will be

Δk = Fk(θ) +Dk (18)

where Dk = [d1, . . . , dk]
′ is the noise vector. As a result, we

are seeking approximate solutions to (18) for a finite k and
convergence properties when k → ∞.

The estimation algorithms developed in [23] for joint esti-
mation of SOC and parameters are limited to individual cells. In
the framework investigated in this paper, cell- to-cell interaction
is a key factor to be considered. This is apparent in (16) since
each equation contains parameters from all cells.

For a fixed k, due to nonlinearity, approximate solutions
to (18) cannot be easily found. Then, “iterative” algorithms
are used to search for more accurate solutions. Numerical
implementation will designate a number L of iterations for
algorithm execution. Symbol θ̂k(l) means the estimate of θ
obtained on the basis of k equations after l iterations. On the
other hand, when the data size is increased from k to k + 1,
to avoid repeating of the whole search process, a “recursive”
algorithm employs θ̂k(L) as the starting point θ̂k+1(0) to save
computational and data storage complexity.

A. Block Data Iterative Search Algorithm

Suppose that we have a set of k ≥ 5n observation equations
and would like to search for a solution to Δk = Fk(θ). Starting
from an initial estimate θ̂k(0), the iterative search algorithm
takes the form

θ̂k(l + 1) = θ̂k(l) + εlGk

(
θ̂k(l)

)(
Δk − Fk

(
θ̂k(l)

))
(19)

for l = 1, . . . , L, where

Gk

(
θ̂k(l)

)
=

(
Jk

(
θ̂k(l)

)′
Jk

(
θ̂k(l)

))−1

Jk

(
θ̂k(l)

)′
.

This is a gradient-based search with variable step sizes εl. For
convergence, it is typical to select the step size as εl = K0/l

ρ

for some constants K0 > 0 and 1/2 < ρ ≤ 1. Selection of the
step sizes is important and depends on specific problems. For
a specific model structure, some tuning of the step size is
important for achieving good tradeoff between convergence
speed and accuracy.

Remark 1: The invertibility of Jk(θ̂k(l))′J(θ̂k(l)) is an input
design problem in which load current i needs to be varied
to be sufficiently rich so that θ can be uniquely determined
from (16) under noise-free environments. Usually, the input
(the load current) can be slightly perturbed with a dither signal
of zero mean to enhance signal richness without affecting the
discharging operation. Typically, the dither can be designed to
contain a sufficient number of exciting modes or to be a random
signal. See [24] for further discussions on input design and
persistent excitation conditions.

At the end of this iteration process, an estimate θ̂k(L) is
obtained. However, when a new data point, i.e., a new ob-
servation equation, is obtained, Δk and Fk are expanded by
one additional entry to become Δk+1 and Fk+1. In principle,
θ̂k+1(L) must be calculated by (19) again, which is compu-
tationally intensive. Recursive algorithms aim to reduce such
computational complexity by using θ̂k(L) as the initial estimate
θ̂k+1(0) and employing the new equation to update the estimate
to θ̂k+1(L), rather than recomputing the solutions to (16). Such
recursive algorithms are presented next.

B. Recursive Estimation Algorithms

For computational efficiency, the algorithm will be recursive.
In this regard, each time a new equation is generated from a
balancing circuit switching, one new input–output relationship
is added. Then

Δk+1 =

[
Δk

δ(k + 1)

]
Fk+1(θ) =

[
Fk(θ)

fk+1(θ)

]
.

Consequently, searching algorithms for solutions of θ to (16)
are, in fact, stochastic approximation (SA) algorithms [25].

The main idea stems from a simultaneous recursive updating
of the Jacobian matrix from Jk(·) to Jk+1(·) and the estimate
from θ̂k to θ̂k+1 when a new observation equation becomes
available. The algorithm is an embedded stochastic algorithm
with two loops. The outer loop resembles a recursive least-
squares estimation algorithm but modified with variable step
size. Due to nonlinearity, an inner loop is added, so that, for
each new observation equation, an iterative search algorithm is
implemented m times with time-varying step sizes. To distin-
guish this from the block iteration, m is usually much smaller
than L due to the fact that the initial estimate in this iteration is
already a good estimate.

Let

φk(θ) =
∂fk(θ)

∂θ
.

Typically, one selects an initial data size as k0 and performs
the block data iteration search, as described in the previous
subsection, L steps to obtain the initial estimate θ̂k0

and select
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Pk0
= (Jk0

(θ̂k0
)′Jk0

(θ̂k0
))−1. Then, the following itera-

tion/recursion algorithm is performed for k = k0 + 1, . . .:
Recursive Algorithm: We index the inner loop iteration by l

and the outer loop recursion by k. The algorithm thus reads

θ̂k(l + 1) = θ̂k(l) + ρk(l)Gk

(
δ(k)− fk

(
θ̂k(l)

))
1 ≤ l ≤ m,

Gk+1 =
Pkφk

(
θ̂k(m)

)
1 + φ′

k

(
θ̂k(m)

)
Pkφk

(
θ̂k(m)

)
Pk+1 =

(
I −Gk+1φ

′
k

(
θ̂k(m)

))
Pk (20)

where {ρk(l)} is a stepsize sequence similar to that used in (19).
The essence is that there are two loops: an inner iteration loop

and an outer recursive loop. For a fixed index k (data size), we
carry out an SA type of updates for the parameter estimates
θ̂k(l) for m steps through the inner loop with index l. When a
new observation equation is available, it is used to update the
gain matrix to Gk+1 through the outer loop. This amounts to an
update on the gradient matrix. Since it is a least-squares-type
recursion, Pk is also updated to Pk+1.

Remark 2: It is noted that, unlike (19), the iteration part of
the algorithm involves only a scaler inverse and hence is much
simplified in its computational complexity. The recursive part
of the algorithm expresses how to go from data size k − 1 with
θ̂k−1(m) to data size k with θ̂k(m). In the linear regression
models, m = 1, and the optimal solution in the least-squares
sense can be obtained in one step. In the case of nonlinear
systems, m step iteration is helpful in improving estimation
accuracy. In addition, the introduction of the variable step size
allows further algorithm design to enhance convergence speed.

In practice, both algorithms are needed. At the beginning,
we collect a sufficient number N of equations so that the
Jacobian matrix becomes full rank. Then, the “Block Data
Iteration Algorithm” can be performed to obtain the first es-
timate. This process, rather than a wild guess on θ as the initial
estimate, has been shown in many practical applications to start
a reasonably accurate model before applying combined two-
loop iterative/recursive algorithms. After that, each time that
a new observation equation becomes available, the “Recursive
Algorithm” can be implemented to obtain a new Jacobian
matrix and gain matrix. Then, the inner loop of iteration starts
anew. Usually, m can be much smaller than L since these
iteration steps start with a good estimate and only serve to
gradually improve estimate accuracy.

Remarks on Convergence Analysis: Convergence analysis
of the aforementioned recursive algorithm can be conducted
by the ordinary differential equation approach (see [25] for a
comprehensive treatment of SA algorithms and conditions on
noise and step sizes under which the algorithm is consistent).
Here, we only outline the main ideas.

Seeking solutions to Δk = Fk(θ) under noisy observations
is a typical SA problem. Our two-loop iterative/recursive algo-
rithm can be mathematically expressed as an SA algorithm. It
is well known (see [25]) that, under suitable conditions on step

Fig. 7. Estimation error ‖θ̂N − θ‖ (Euclidian norm) as a function of the
iteration step N for Example 4.

TABLE I
JOINT PARAMETER AND SOC ESTIMATION

size ρk(l) and gain matrix Gk, θ̂k(m) → θ as k,m → ∞ with
probability one (w.p.1) or in some weak sense.

To choose appropriately gain matrix Gk to reduce the error
variance, the main conclusions from [26] indicate that one may
locally linearize Fk near the true parameter θ to obtain its
Jacobian matrix Jk(θ). Then, by choosing the gain matrix as the
solution to a corresponding Lyapunov equation, convergence
of the estimates can be established. Our selection of the gain
matrix is, in fact, based on the Jacobian matrix and a stable
solution to the corresponding Lyapunov equation. Recursifying
the gain matrix calculation leads to our outer loop algorithm.
In practical implementation, the true θ is unknown. Commonly,
θ is then replaced by its estimate θ̂k(m) in algorithms. This
is also the case with our algorithm. In addition, the idea of
iterate averaging (see [25, Chap. 11], [28], [29], and references
therein) can be used to further improve estimate accuracy. Due
to scope limitations, this additional algorithm is not included
in this paper. For further information on SA algorithm devel-
opment and essential convergence properties, one may consult
[25]–[29]. Different modes of convergence of probability mea-
sures can be found in [30].

C. Simulation Examples on Joint Estimation of Parameters
and OCVs

Example 4: We shall use a demo battery system in Sim-
Power Toolbox of Matlab/Simulink as a benchmark example to
illustrate how to use voltage/current data for a battery module
to estimate jointly battery model parameters and SOC. The
battery model parameters are R = 0.3077, K = 0.1737, E0 =
216.6753, and Q = 6.5. The initial SOC is 0.8. Fig. 7 shows
how the estimation error is reduced with estimation iterative
steps. The exit values of the estimated parameters and SOC are
compared with the true values in Table I.
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V. CONCLUSION

This paper has presented a novel methodology that de-
rives cell voltage/current estimation from the string terminal
voltage/current data and combines SOC and cell parameter
estimation. This methodology can be used to enhance BMS.
First, accurate cell SOC estimation will allow more accurate
cell-balancing operation. This will overcome the key draw-
back of balancing cell terminal voltages, which are inade-
quate as indicators of SOC, particularly for Li-ion batteries.
Second, SOC estimation is the key for charge/discharge control.
Furthermore, estimation of cell model parameters provides
some critical characteristics for SOH prediction and fault di-
agnosis. For example, the capacity estimate is essential for
SOH prediction. Changes in capacity and internal impedance
are essential variables for battery diagnosis. Our methods can
form a foundation for battery diagnostic functions.

There are some issues that are related to the practical im-
plementation of our methodologies, which need further inves-
tigation. First, for more accurate estimation, large balancing
current is desirable. This, however, will increase balancing
circuit power rating and energy loss. A design tradeoff needs
to be evaluated to achieve a good compromise. Second, our
methods should be evaluated experimentally on real batteries.
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