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Abstract—Hybrid electric vehicles (HEVs) use multiple sources
of power for propulsion which provides great ease and flexi-
bility to achieve advanced controllability and additional driving
performance. In this paper, the electric motor in HEV and elec-
tric vehicle (EV) propulsion systems is used to achieve antilock
braking performance without a conventional antilock braking
system (ABS). The paper illustrates that the antilock braking of
HEV can be easily achieved using iterative learning control for
various road conditions. A vehicle model, a slip ratio model, and
a vehicle speed observer were developed to control the antilock
performance of HEV during braking. Through iterative learning
process, the motor torque is optimized to keep the tire slip ratio
corresponding to the peak traction coefficient during braking.
Simulations were performed on a compact size vehicle to validate
the proposed control method. The control algorithm proposed in
this paper may also be used for the ABS control of conventional
vehicles.

Index Terms—Antilock braking system (ABS), electric vehicle,
hybrid electric vehicle (HEV), iterative learning control, regener-
ative braking, road vehicle control, road vehicle electric propul-
sion, road vehicle electronics, road vehicle power systems, traction
control.

I. INTRODUCTION

HYBRID electric vehicles (HEVs) offer remarkable fuel
savings and emission reduction. For example, the Toyota

Prius HEV offers as high as 60 miles per gallon (mpg) fuel con-
sumption in city driving and 51 mpg in highway driving, while
the equivalent model, Corolla, which is driven by an internal
combustion engine (ICE) alone, can only achieve 30 mpg in city
driving and 38 mpg in highway driving [1]. In recent years, there
have been many studies focused on the modeling and control of
HEVs [2]–[7].

The use of multiple sources of power in HEVs offers great
ease and flexibility to achieve advanced controllability and ad-
ditional driving performance. One of the advanced features of
modern vehicles is the antilock braking system (ABS) and trac-
tion control (TC). The purpose of ABS is to optimize the braking
effectiveness and maintain vehicle stability, especially in wet
or icy road conditions. In conventional vehicles driven by ICE
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alone, the ABS is achieved through the use of hydraulic systems.
The control of ABS is complicated and sometimes may not be
effective due to the nonlinear characteristics and unknown en-
vironmental parameters. Advanced control algorithms, such as
fuzzy logic control [8]–[10], neural network [11], hybrid con-
trol [12], adaptive control [13], and other intelligent control
[14]–[16] have been developed to achieve antilock braking per-
formance for conventional vehicles.

In the area of HEVs, recent studies have been focused on
developing regenerative system models [17], [18], simulation
of regenerative braking [19], and motor control [20]. Antilock
braking and traction control of pure electric vehicles (EVs) were
also investigated [21]–[24].

The use of electric motors in HEV propulsion makes it pos-
sible to eliminate the expensive ABS associated with conven-
tional hydraulic brakes. In addition to the primary function of
propulsion, the electric motor can also be used effectively as
the braking device because of its fast torque response character-
istics and capability of regeneration. The fast torque response
provides the opportunity to improve the vehicle antilock per-
formance through the control of motor torque, without conven-
tional ABS.

Iterative learning control (ILC) has been proven to be effec-
tive for controls related to nonlinear dynamic systems [25]. In
this paper, the ILC was proposed to control the antilock braking
of EV and HEV, using the electric motor to provide the required
braking torque. A vehicle model, a slip ratio model, and a ve-
hicle speed observer were developed and integrated to control
the vehicle braking performance under various road conditions,
based on ILC theory.

Through the iterative learning process, the control signal,
namely, the motor torque, has been optimized so that the tire
slip ratio during braking is maintained near the value corre-
sponding to the highest traction force. The proposed approach
was applied to a typical compact size vehicle as a case study.
Model-based simulation results validated the proposed control
method. It is shown that the control algorithm can automatically
adjust to various road conditions.

II. VEHICLE MODEL

Fig. 1 shows the one-wheel model of HEV for braking
studies, where the wind force, hill climbing force and rolling
resistance are neglected. The slip ratio is defined as the
relative difference between the vehicle speed and the wheel
speed

(1)
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Fig. 1. One-wheel model of vehicles during braking used for ABS study,
where F is the external braking force applied to the wheel by the motor, F
is the braking force caused by tire slip, M is the vehicle mass, and g is the
natural acceleration rate.

where is the vehicle speed and is the linear speed of the
wheel. The wheel speed can be expressed as

(2)

where is the angular speed of the wheel and is the radius of
the wheel.

During normal driving, , there exists a friction force on
the wheel in the direction of the forward motion. This friction
force, also known as traction force, is caused by the slip be-
tween the road surface and the tire. This force contributes to the
forward motion of the vehicle during normal driving. During
braking, external forces are applied to the wheel so that the
wheel linear speed is less than the vehicle speed, e.g., .
Therefore, there exists a friction force opposite to the forward
motion.

The traction force or braking force in the case of braking as
shown in Fig. 1 can be expressed as

(3)

where is the adhesive coefficient between the road surface
and the tire and is a function of slip ratio .

During braking, the braking force is opposite to the forward
motion. When neglecting wind force, rolling resistance, and hill
climbing force, the equation of the vehicle motion can be ex-
pressed as

(4)

In order to enter braking mode, an external torque must be ap-
plied to the wheel to slow down the wheel. In HEV, this torque is
the sum of the motor regenerative braking torque and additional
braking torque provided by the mechanical braking systems, in
case the motor torque is not enough to provide effective braking.

The braking torque applied to the wheel is in the opposite
direction of the wheel rotation and slows down the wheel. The
traction force, on the other hand, is in the same direction as the
wheel rotation and therefore will accelerate the wheel, as shown
in Fig. 1. The equation of the wheel motion can be expressed as

(5)

where is the wheel inertia and is the total braking torque.

Fig. 2. Typical adhesive coefficient between the road surface and the tires, as
a function of slip ratio and road surface conditions.

As stated before, the braking force is a function of the adhe-
sive coefficient between the tire and the pavement. The adhesive
coefficient is determined by the road surface, the tire condition,
and the slip ratio. Typical road adhesive coefficients are shown
in Fig. 2 as a function of road surface and slip ratio [16]. It can be
seen from Fig. 2 that the adhesive coefficient reaches maximum
value near the slip ratio of for most road conditions.
When the slip ratio is below , increasing the slip ratio can
increase the traction force. Once the slip ratio exceeds , the
traction force will decrease as a result of the decrease of adhe-
sive coefficient.

III. SLIP RATIO MODEL

Vehicles may brake on any road surface with any tire con-
dition in any environment. The purpose of vehicle antilock
braking control is to achieve maximum braking force for all
road conditions when a maximum braking effect is demanded
by the driver. It can be seen from (4) that, during braking, the
vehicle speed is a function of traction force. The traction force
itself is a function of slip ratio and the slip ratio is unknown. It
can be seen from (5) that the wheel speed can be controlled by
properly adjusting the braking torque .

The wheel slip ratio must be controlled near the optimum
value so that maximum traction force can be provided to the
wheels during braking while maintaining the stability of the ve-
hicle. In order to control the slip ratio, a slip ratio model needs
to be developed.

The slip ratio model can be derived from (1). Taking the
derivative of both sides of (1) about vehicle speed , the fol-
lowing equations can be obtained:

(6)

where and are functions of time which can be defined as
the state space variables

(7)
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From (3) and (4), the derivative of the vehicle speed can be
written as

(8)

Therefore, the following state space functions can be derived
using (5)–(8)

(9)
Further, the total braking torque can be controlled propor-

tional to the vehicle speed

(10)

where is a function to be obtained through ILC.
Substituting (10) to (9), the state space function becomes

(11)

The slip ratio is the output

(12)

The input can also be written as a vector

(13)

Then the following state-space functions are obtained

(14)

where

(15)

(16)

(17)

The purpose of further study is to find the desired braking
torque for any given vehicle speed on any road condition, so
that effective braking can be achieved by controlling the slip
ratio corresponding to the maximum adhesive coefficient.

IV. ITERATIVE LEARNING CONTROL

The state space function (14) is a nonlinear differential func-
tion. The ILC theory was used to find the optimal braking torque
in this paper. The ILC theory states that, for a given system as
shown in Fig. 3, there exists an input such that the output of
the process converges to desired output ; and that can
be obtained through an iterative proportional-integral-derivative
(PID) learning algorithm [26]. Based on the ILC theory, (14)
converges when a D type or PD type learning algorithms are
used [26]. For D algorithm, the can be written as

(18)

Fig. 3. Iterative learning control.

Fig. 4. The vehicle speed observer assuming the wheel speed is measurable.

Fig. 5. The actual vehicle speed calculated with a known traction force.

For PD algorithm, can be written as

(19)

where

(20)

is the error between desired slip ratio and the actual slip ratio;
is the desired slip ratio; is the actual slip ratio; and

and are learning gain matrixes, respectively. The subscript
denotes the th step of learning.

From the ILC theory [26], if

(21)

the learning law expressed by (18) and (19) will converge, where
is the spectrum radius and B and C are given in (16) and (17).

V. VEHICLE SPEED OBSERVER

The wheel speed can be easily detected. The vehicle speed,
however, is difficult to directly detect. Therefore, a vehicle speed
observer must be established before the learning algorithm can
be implemented.

Assuming that the vehicle speed is the same as the wheel
speed at the beginning of braking and after braking torque is ap-
plied to the wheels, there will be a difference between the wheel
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Fig. 6. Comparison of the slip ratio calculated by the proposed vehicle speed observer and calculated using a given traction force.

Fig. 7. The learning process. (a) Desired slip ratio and (b) error of each learning step.

speed and the vehicle speed. During braking, when assuming no
slip, the wheel kinematic equation can be expressed as

(22)

where is a model speed when assuming no slip. Integrating
(22), this model speed is obtained as

(23)

where is the model speed at time and is the
initial model speed at the beginning of braking.

From (2) and (5), the linear speed of the wheel can be derived
as

(24)

where is the initial wheel speed at the start of braking. Fig. 8. The total error expressed in je(t)jdt.
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Fig. 9. Braking of the vehicle after the third step of learning. (a) Desired and actual slip ratio, (b) adhesive coefficient, (c) required braking torque, and (d) vehicle
speed and wheel speed.

Fig. 10. Braking of the vehicle after the fifth step of learning. (a) Desired and actual slip ratio (overlapped due small error), (b) adhesive coefficient, (c) required
braking torque, and (d) vehicle speed and wheel speed.

From (4), the vehicle speed can be obtained by integrating the
traction force

(25)

TABLE I
CONSTANTS FOR THE CONTROLLER INPUT FUNCTION
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Fig. 11. Comparison of the curve fitting results with the desired motor torque.

However, the traction force is a function of slip ratio and is
unknown. Therefore, the vehicle speed can only be observed by
eliminating the traction force. Substituting (23) and (24) into
(25), the vehicle speed can be derived

(26)

At the beginning of braking, . By substituting to
(26), the initial vehicle speed can be derived

(27)

Substituting (27) to (26), the vehicle speed can be obtained

(28)

Since the wheel speed can be easily measured, the vehicle
speed observer can be constructed from (23) and (28) as shown
in Fig. 4. The accuracy of the proposed vehicle speed observer
can be validated if the traction force is known. Fig. 5 shows
the vehicle speed calculated with a known traction force. Fig. 6
compares the slip ratio calculated by the vehicle speed observer
and the actual vehicle speed obtained from Fig. 5. It can be seen
that the error is negligible.

VI. THE ITERATIVE LEARNING PROCESS

In order to obtain the required braking torque for desired
braking performance, a desired slip ratio, as shown in Fig. 7(a),
was constructed for the learning process. Various road condi-
tions and vehicle speeds were studied.

The ILC algorithm was implemented using Matlab. The error
between the desired slip ratio and the actual slip ratio for dif-
ferent learning steps is shown in Fig. 7(b) for a dry road surface,
with initial vehicle speed of 65 km/h. It can be seen from Fig. 7
that after the first step of learning, the error is very big because
the actual slip ratio is almost zero. After the fifth step of learning,

TABLE II
VEHICLE PARAMETERS

the error approaches zero as the actual slip ratio approaches the
desired slip ratio. The total error was calculated using
and shown in Fig. 8. After the fifth step of learning, the actual
slip ratio well follows the desired slip ratio. The vehicle perfor-
mance after the third and the fifth learning steps is shown in the
Figs. 9 and 10, respectively.

VII. CONSTRUCTION OF REQUIRED BRAKING TORQUE

The optimal control was obtained based on the iterative
learning law (18) or (19). It can be seen from Fig. 10 that the
required braking torque is a function of slip ratio and
vehicle speed. When the desired slip ratio or the vehicle
speed change, the system has to repeat the learning process.

Therefore, it is necessary to construct an appropriate control
law so that it can satisfy various operation conditions. In this
paper, the braking torque was constructed as the following:

(29)

where is the difference between the desired slip ratio and the
actual slip ratio defined in (20); , , , and are constants
determined by curve fitting based on optimal braking torque

of the fifth learning step.
By using the required braking torque obtained in Fig. 10, and

through curve fitting using (29), the constants in (29) can be ob-
tained as shown in Table I. Fig. 11 shows a comparison between
the required braking torque and the constructed braking torque.
It can be seen that the discrepancy is negligible.
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Fig. 12. Vehicle speed during braking for given driving cycle: initial speed 110 km/h, dry asphalt surface. Total braking time is 3 s. (a) Desired slip ratio and
actual slip ratio, (b) required braking torque, and (c) vehicle speed and wheel speed.

Fig. 13. Vehicle speed during braking for given driving cycle: initial speed is 65 km/h, wet asphalt surface. Total braking time is 4 s. (a) Desired slip ratio and
actual slip ratio, (b) required braking torque, and (c) vehicle speed and wheel speed.

VIII. CASE STUDIES

The proposed method was used to simulate the braking of a
compact size vehicle for different driving cycles and road con-
ditions. Table II shows the vehicle parameters used in these case
studies.

For a dry road surface and an initial vehicle speed of
110 km/h, if maximum braking effect is demanded by the
driver, the desired slip ratio should be set to 0.18. The simu-
lation showed that the braking time is within 3 s as shown in
Fig. 12. It can be seen from Fig. 12 that in order to achieve this
kind of fast braking, approximately 1000 Nm of braking torque

is needed. The motor along can only supply 300 Nm of torque.
The rest must be provided by the hydraulic braking system.

For a wet road surface, given initial vehicle speed of 65 km/h,
the desired slip ratio was set to vary as shown in Fig. 13, to sim-
ulate a driver’s demand for braking. The braking time is 4.5 s.

For an icy road surface, given initial vehicle speed of
110 km/h, the desired slip ratio was set to 0.16. Due to the
low adhesive force provided by the icy road surface, the motor
is able to provide the required braking torque. However, the
braking time increases to 16 s, as shown in Fig. 14.

It can be seen from Figs. 12–14 that for all road conditions
and initial vehicle speeds, the actual slip ratio well follows the
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Fig. 14. Vehicle speed during braking for given driving cycle: initial speed 110 km/h, icy asphalt surface. Total braking time is 16 s. (a) Desired slip ratio, actual
slip ratio and adhesive coefficient, (b) required braking torque, and (c) vehicle speed and wheel speed.

desired slip ratio. Therefore, effect antilock braking perfor-
mance of HEV can be achieved using (29) for various road
conditions and vehicle speeds.

IX. CONCLUSION

This paper presented an ILC-based approach for the robust
antilock braking control of EV and HEV using the electric motor
as a braking device. A vehicle model, a slip ratio model, and a
vehicle speed observer were developed. The required braking
torque of an EV or HEV can be constructed as a function of
the vehicle speed, the desired slip ratio, and the actual slip ratio.
The key advantage is that, once learned, the controller has the
ability to automatically adjust to various road conditions, partic-
ularly in wet and icy road conditions. With some modifications,
the proposed control algorithm can also be applied to the ABS
control of conventional vehicles.
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