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Abstract— In the wireless charging of high-power electric buses
or low-power consumer electronics, the charging distance is
normally very small, leading to a strong coupling. Current
distortion occurs for a wireless power transfer (WPT) system
with a strong coupling. This paper investigates the strongly
coupled series–parallel (SP)-compensated WPT system, where
the first harmonic approximation (FHA) is no longer valid.
A mathematical model of an SP-compensated WPT system
based on differential equations is built. There are two sinusoidal
components with significantly different frequencies existing in
the transmitter and receiver currents, which cause the current
distortion. The proposed model and FHA are compared, and the
proposed model is more accurate than FHA. The estimations
of the current root-mean-square values from FHA tend to be
smaller than those from the proposed model and the measured
values. In addition, it is found that with the increasing rectifier
dc current, the system transits from zero voltage switching to
zero current switching. The critical rectifier dc current decreases
with the increasing operating frequency. The experimental results
verify the effectiveness of the proposed model. The proposed
model promotes a better design of an SP-compensated strongly
coupled WPT system.

Index Terms— Differential equations (DEs), distortion,
modeling, series–parallel (SP) compensation, wireless power
transfer (WPT), zero current switching (ZCS), zero voltage
switching (ZVS).

I. INTRODUCTION

W IRELESS power transfer (WPT) technology has cur-
rently undergone booming development [1]–[3]. The

most common WPT technology is inductive power trans-
fer (IPT) based on magnetic induction. In IPT, the alternating
magnetic flux generated by the transmitter (TX) is linked
to the receiver (RX) and results in an induced voltage on
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Fig. 1. Compensation Topologies. (a) SS. (b) SP. (c) S-LCC. (d) LCC-S.
(e) LCC-P. (f) LCC–LCC.

the RX. Power will be transferred to the load when connected
to the RX.

The compensation, or matching network, is crucial in IPT in
that capacitors and inductors are utilized to improve efficiency
and reduce the voltampere rating by adjusting the reactive
power [4]. Basically, there are two compensation topologies,
the series (S) compensation and the parallel (P) compensation.
The inductor can be regarded as a current source and the
capacitor as a voltage source. Because two current sources
cannot be connected in series and two voltage sources cannot
be connected in parallel, the S compensation should be con-
nected to a voltage source and the P compensation should be
connected to a current source. Due to the easier energy storage
in the capacitor than that in the inductor, the voltage-source
inverter (VSI) is overwhelmingly utilized as the source in a
WPT system compared with the current-source inverter [5].
While the S compensation can be directly connected to the
VSI, an extra inductor should be inserted between the VSI
and the P compensation, forming an inductor–capacitor–
inductor (LCL) compensation [6]. By inserting a capacitor
in the branch of the transmission coil in the LCL compen-
sation, the inductor–capacitor–capacitor (LCC) compensation
is formed and it is more popular than the LCL compensation
due to an additional degree of freedom for designing a WPT
system [7].

When the VSI is employed on the TX side, there are
six compensation topologies, namely, SS, series–parallel (SP),
S-LCC, LCC-S, LCC-P, and LCC–LCC, shown in Fig. 1. This
paper deals with SP topology.

For the SP topology, the VSI and the current-source rectifier
are adopted [8]. The TX voltage and the RX current are
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Fig. 2. Topology of SP compensation.

square waves. Based on first harmonic approximation (FHA),
only their fundamental components are considered [9]–[12].
In most cases, it is accurate due to the frequency selec-
tion characteristic of the resonant circuit where high-order
harmonics are suppressed. However, it has been found that
with a strong coupling, the current waveforms of the WPT
system with the SP compensation are distorted and the har-
monics are not negligible, leading to inaccuracy of FHA.
The application scenarios of WPT systems with a strong
coupling include: 1) wireless charging for electric buses where
the charging distance can be smaller than 50 mm [13] and
2) wireless charging for consumer electronics where the
receiving coil is attached to the surface of the transmitting
coil to form a large coupling. A typical example is Conductix-
Wampfler which achieved 60-kW power transfer at a distance
of 40 mm [14].

In this paper, the model of an SP-compensated WPT system
is built based on differential equations (DEs). The comparison
between the proposed model and FHA is conducted, and the
soft switching status is studied. An experimental prototype is
implemented to validate the analysis.

II. MODELING AND DERIVATION

A. SP Compensation

The topology of an SP-compensated WPT system is
depicted in Fig. 2, where S1–S4 are the full-controlled semi-
conductor switches of the inverter, D1–D4 are the diodes of the
rectifier, R1 (R2), L1 (L2), C1 (C2), i1 (iL2), and uC1 (uC2)
are the equivalent resistance, the inductance, the compensating
capacitance, the coil current, and the capacitor voltage of the
TX (RX), respectively, M is the mutual inductance, Uinv and
U1 are the inverter dc and ac voltages, respectively, and Irec
and I2 are the rectifier dc and ac currents, respectively.

Assuming the TX and RX resonate at the same resonant
angular frequency ω0, we have

ω0 = 1√
L1C1

= 1√
L2C2

. (1)

Define

L0 = √
L1 L2, λ =

√
L1

L2
. (2)

Thus

M =kL0, L1 =λL0, L2 = L0

λ
, C1 = 1

ω2
0λL0

, C2 = λ

ω2
0 L0

(3)

where k is the coupling coefficient.

Fig. 3. Waveforms of ac voltage of the inverter and ac current of the rectifier.

The model of an SP-compensated WPT system based on
FHA can be found in [12]. However, FHA is not accurate,
especially when the coupling gets strong. In this paper,
the model of the SP-compensated WPT system will be built
based on DEs.

The operating angular frequency, which can be different
from the resonant frequency, is denoted as ω. The corre-
sponding cycle is indicated as T . The waveforms of U1 and
I2 are shown in Fig. 3. Since the waveforms are half-wave
symmetrical, only the first half cycle is analyzed. The results
of the first half cycle can be easily extended to the second half
cycle. t0 is the zero crossing point of the rectifier, where uC2
changes from negative to positive. During the stage [0, t0], S1,
S4, D2, and D3 are ON and the other switches are OFF; during
the stage [t0, T /2], S1, S4, D1, and D4 are ON and the other
switches are OFF.

Take the inductor currents and the capacitor voltages i1, iL2,
uC1, and uC2 as the state variables, and the model in Fig. 2
for the stage [0, t0] can be established by
⎧
⎪⎪⎨

⎪⎪⎩

Uinv = uC1 + λL0
di1

dt
+ kL0

diL2

dt
, i1 = 1

ω2
0λL0

duC1

dt

−Irec = iL2 + λ

ω2
0 L0

duC2

dt
, uC2 = L0

λ

diL2

dt
+ kL0

di1

dt
.

(4)

Regard λ · i1 and λ · uC2 in (4) as new variables i1 and uC2,
and (4) can be transformed into the case with symmetrical TX
and RX, given as
⎧
⎪⎪⎨

⎪⎪⎩

Uinv =uC1+L0
di1

dt
+kL0

diL2

dt
, i1 = 1

ω2
0 L0

duC1

dt

−Irec = iL2+ 1

ω2
0 L0

duC2

dt
, uC2 = L0

diL2

dt
+ kL0

di1

dt
.

(5)

This paper mainly deals with the case with a symmetrical
structure. By solving (5), the DEs for the inductor currents
can be expressed by

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1 + k

ω2
0

d2(i1 + iL2)

dt2 + (i1 + iL2) = −Irec

1 − k

ω2
0

d2(i1 − iL2)

dt2 + (i1 − iL2) = Irec.

(6)

The characteristic roots for (6) can be given as

ωP = ω0√
1 + k

, ωN = ω0√
1 − k

. (7)
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The state variables in the stage [0, t0] can be expressed as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i1−1 = A1P

2
sin(ωP t + B1P) + A1N

2
sin(ωN t + B1N )

iL2−1 =−Irec− A1P

2
sin(ωP t+B1P)+ A1N

2
sin(ωN t+B1N )

uC1−1 = Uinv − (1 + k)ωP L0

2
A1P cos(ωPt + B1P)

− (1 − k)ωN L0

2
A1N sin(ωN t + B1N )

uC2−1 = (1 + k)ωP L0

2
A1P cos(ωP t + B1P)

− (1 − k)ωN L0

2
A1N sin(ωN t + B1N )

(8)

where A1P , A1N , B1P , and B1N are the coefficients to be
determined.

Similarly, the model in Fig. 2 for the stage [t0, T /2] can be
established by

⎧
⎪⎪⎨

⎪⎪⎩

Uinv = uC1 + L0
di1

dt
+ kL0

diL2

dt
, i1 = 1

ω2
0 L0

duC1

dt

Irec = iL2 + 1

ω2
0 L0

duC2

dt
, uC2 = L0

diL2

dt
+ kL0

di1

dt
.

(9)

The DEs and the characteristic roots are the same as those
of the first stage shown in (6) and (7). The state variables of
stage [t0, T /2] can be expressed as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i1−2 = A2P

2
sin(ωP t + B2P) + A2N

2
sin(ωN t + B2N )

iL2−2 = Irec+ A2P

2
sin(ωP t+B2P)− A2N

2
sin(ωN t + B2N )

uC1−2 = Uinv − (1 + k)ωP L0

2
A2P cos(ωP t + B2P)

− (1 − k)ωN L0

2
A2N sin(ωN t + B2N )

uC2−2 = (1 + k)ωP L0

2
A2P cos(ωPt + B2P)

− (1 − k)ωN L0

2
A2N sin(ωN t + B2N )

(10)

where A2P , A2N , B2P , and B2N are the coefficients to be
determined.

To calculate the coefficients in (8) and (10), the initial
conditions are
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

uC2−1(t0) = 0, i1−1(0) = −i1−2

(
T

2

)
, i1−1(t0) = i1−2(t0)

iL2−1(0) = −iL2−2

(
T

2

)
, iL2−1(t0) = iL2−2(t0)

uC1−1(0) = −uC1−2

(
T

2

)
, uC1−1(t0) = uC1−2(t0)

uC2−1(0) = −uC2−2

(
T

2

)
, uC2−1(t0) = uC2−2(t0).

(11)

Solving (11) yields
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A1P sin B1P = cosωP
(
t0 − T

2

) + cosωPt0

1 + cos ωP T
2

Irec

− sin ωP T
2

1 + cos ωP T
2

Uinv

(1 + k)ωP L0

A1P cos B1P = sinωP
(
t0 − T

2

) + sin ωPt0

1 + cos ωP T
2

Irec

+ Uinv

(1 + k)ωP L0

A1N sin B1N = −cosωN
(
t0 − T

2

) + cosωN t0

1 + cos ωN T
2

Irec

− sin
ωN T

2

1+cos
ωN T

2

Uinv

(1 − k)ωN L0

A1N cos B1N = − sinωN (t0 − T
2 ) + sin ωN t0

1 + cos ωN T
2

Irec

+ Uinv

(1 − k)ωN L0

A2P sin B2P = −cosωP
(
t0 + T

2

) + cosωP t0

1 + cos ωP T
2

Irec

− sin ωP T
2

1 + cos ωP T
2

Uinv

(1 + k) ωP L0

A2P cos B2P = − sinωP
(
t0 + T

2

) + sin ωP t0

1 + cos ωP T
2

Irec

+ Uinv

(1 + k)ωP L0

A2N sin B2N = cosωN
(
t0 + T

2

) + cosωN t0

1 + cos ωN T
2

Irec

− sin ωN T
2

1 + cos ωN T
2

Uinv

(1 − k)ωN L0

A2N cos B2N = sinωN
(
t0 + T

2

) + sin ωN t0

1 + cos ωN T
2

Irec

+ Uinv

(1 − k)ωN L0
.

(12)

where t0 in is an unknown variable and can be calculated from
uC2−1(t0) = 0 in (11), which can be transformed into
[√

1 + k tan

(
ω0

ω

π

2
√

1 + k

)
+ √

1 − k tan

(
ω0

ω

π

2
√

1 − k

)]

× ω0 L0 Irec

Uinv
=

cos
(

ω0t0√
1+k

− ω0
ω

π
2
√

1+k

)

cos
(

ω0
ω

π
2
√

1+k

)

−
cos

(
ω0t0√
1−k

− ω0
ω

π
2
√

1−k

)

cos
(

ω0
ω

π
2
√

1−k

) . (13)

Thus, the equations for the inductor currents and the
capacitor voltages can be obtained.

We can see from (8) and (10) that the TX and RX currents
are composed of two different sinusoidal components, whose
frequencies are related to the two characteristic frequencies
shown in (7). These two characteristic frequencies varying



ZHANG et al.: MODELING AND ANALYSIS OF A STRONGLY COUPLED SERIES–PARALLEL-COMPENSATED WPT SYSTEM 1367

Fig. 4. Characteristic frequencies varying with coupling coefficient.

with the coupling coefficient are plotted in Fig. 4. When the
coupling coefficient is small, these two characteristic frequen-
cies are close to each other. With the increasing coupling
coefficient, the difference between these two frequencies is
becoming more and more significant. It is the composition
of these two distinctively different frequency components that
leads to distortion.

In Fig. 3, at time 0, the sign of the TX coil current
determines the soft switching of the inverter. When the TX
coil current is larger than 0, zero current switching (ZCS) is
achieved; when smaller than 0, zero voltage switching (ZVS)
is achieved. Combined with (13), the TX coil current at time 0
can be expressed as

i1−1(0)

=
[√

1+k tan

(
ω0

ω

π

2
√

1+k

)
+√

1−k tan

(
ω0

ω

π

2
√

1 − k

)]

× ω0 L0 I 2
rec

2Uinv
−

⎡

⎣
tan

(
ω0
ω

π
2
√

1+k

)

√
1 + k

+
tan

(
ω0
ω

π
2
√

1−k

)

√
1 − k

⎤

⎦ Uinv

2ω0 L0
.

(14)

The critical Irec to achieve zero phase angle can be
expressed as

Irec-crt = Uinv

ω0 L0

×
tan

(
ω0
ω

π
2
√

1+k

)

√
1+k

+ tan
(

ω0
ω

π
2
√

1−k

)

√
1−k√

1+k tan
(

ω0
ω

π
2
√

1+k

)
+√

1 − k tan
(

ω0
ω

π
2
√

1−k

) .

(15)

When the rectifier dc current is larger than this critical
value, the TX coil current is larger than 0 at time 0, achieving
ZCS; when smaller, the TX coil current is smaller than 0 at
time 0, achieving ZVS. There are two factors that impact the
critical rectifier dc current: operating angular frequency ω and
coupling coefficient k. Assume that the fiducial value for the
critical rectifier dc current is Uinv/(ω0 L0). The relationship
between the per-unit value of the critical rectifier dc current
and the coupling coefficient at the resonant angular frequency
ω0 is depicted in Fig. 5. The critical rectifier dc current
increases with the increasing coupling coefficient in this case.

B. Other Compensations

The above approach can be applied to other compensation
topologies, for example, the SS compensation shown in Fig. 6.

Fig. 5. Critical rectifier dc current to divide ZVS and ZCS zones.

Fig. 6. Topology of SS compensation.

Fig. 7. Topology of LCC–LCC compensation.

Fig. 8. Photograph of experimental prototype.

For the ease of analysis, assume that L1 = L2 = L0
and C1 = C2 = C0. Thus, M = k · L0. Take the inductor
currents and capacitor voltages i1, i2, uC1, and uC2 as the
state variables, when Uinv and Urec are positively connected
to the circuit, we have

⎧
⎪⎪⎨

⎪⎪⎩

Ubus = uC1 + L0
di1

dt
+ kL0

di2

dt
, i1 = C0

duC1

dt

Ubat = uC2 + L0
di2

dt
+ kL0

di1

dt
, i2 = C0

duC2

dt
.

(16)

By solving (16), the DEs for the inductor currents can be
expressed as

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1 + k

ω2
0

d2(i1 + i2)

dt2 + (i1 + i2) = 0

1 − k

ω2
0

d2(i1 − i2)

dt2 + (i1 − i2) = 0.

(17)
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Fig. 9. Voltage and current waveforms. (a) Irec = 3.952 A. (b) Irec = 5.655 A. (c) Irec = 6.868 A.

Comparing (17) and (6), we can see that the SP and SS
compensations have the same DEs. Hence, they have the same
characteristic roots. Similar derivation process can be obtained
for the SS compensation.

Another example is the LCC–LCC compensation topology
shown in Fig. 7, where L f 1 (L f 2), C f 1 (C f 2), i f 1 (i f 2),
and uC f 1 (uC f 2) are the TX (RX) compensation inductor,
the compensation capacitor, the inductor current, and the
capacitor voltage.

Similarly, assume that L1 = L2 = L0, C1 = C2 = C0,
L f 1 = L f 2 = L f 0, and C f 1 = C f 2 = C f 0. Thus, M = k ·L0.
Define α = L f 0/L0. Take the inductor currents and capacitor
voltages i1, i2, i f 1, i f 2, uC1, uC2, uC f 1, and uC f 2 as the state
variables, when Uinv and Urec are positively connected to the
circuit, we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ubus = L f 0
di f 1

dt
+uC f 1, −Ubat = L f 0

di f 2

dt
+uC f 2

i f 1 = C f 0
duC f 1

dt
+ i1, i f 2 = C f 0

duC f 2

dt
+ i2

uC f 1 = uC1 + L0
di1

dt
+ kL0

di2

dt
, i1 = C0

duC1

dt

uC f 2 = uC2 + L0
di2

dt
+ kL0

di1

dt
, i2 = C0

duC2

dt
.

(18)

The DEs for i1 and i2 can be derived as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 + k

ω4
0(1 − α)

d4(i1 + i2)

dt4

+ 2 + k

ω2
0(1 − α)

d2(i1 + i2)

dt2 + (i1 + i2) = 0

1 − k

ω4
0(1 − α)

d4(i1 − i2)

dt4

+ 2 − k

ω2
0(1 − α)

d2(i1 − i2)

dt2 + (i1 − i2) = 0.

(19)

Since the number of passive elements in the LCC–LCC
compensations doubles that of the SP and SS compensation,
the order of the DEs also doubles. However, similar derivation
process can still be obtained for the LCC–LCC compensation.

Fig. 10. Root-mean-square values of TX and RX currents.

III. CALCULATIONS AND EXPERIMENTS

An experimental prototype of the WPT system with the SP
compensation is implemented, shown in Fig. 8. The parameters
of the TX and RX coils are the same. L0 = 62.5 μH,
C0 = 62 nF, and k = 0.796. Thus, the resonant frequency
is 81 kHz. The rectifier dc inductor is 713 μH, which is large
enough to have a stable dc rectifier current.

When Uinv = 200 V, the voltage and current waveforms
under different rectifier dc currents at the resonant frequency
are plotted in Fig. 9. With a strong coupling, the TX and RX
coil currents are distorted and FHA is no longer effective. The
proposed model, which is based on the DEs, agrees well with
the measurements.

The rms values of the TX and RX coil currents varying
with the rectifier dc current are shown in Fig. 10. The TX
coil current increases with the increasing rectifier dc current,
but not exactly as estimated by FHA. The RX coil current
remains approximately the same with the increasing rectifier
dc current, but larger than the calculations from FHA. The
proposed model matches better with the experimental results
than FHA.

As can be seen from Fig. 9, with the increasing rectifier dc
current, the TX coil current at time 0 changes from negative
to positive, indicating that the operating state of the system
transitions from ZVS to ZCS. The critical rectifier dc current
when the TX coil current is 0 at time 0 can be calculated
from (15). At the coupling coefficient of 0.796, the calculations
and the experimental results of the critical rectifier dc current
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Fig. 11. Critical rectifier dc current varying with operating frequency.

Fig. 12. Experimental results versus rectifier dc current. (a) System efficiency.
(b) Output power.

varying with the operating frequency are depicted in Fig. 11.
The critical rectifier dc current decreases with the increasing
operating frequency. Therefore, the operating frequency can
be adjusted to alter the WPT system operated in a ZVS or a
ZCS state.

When Uinv = 200 V, the system efficiency and the output
power varying with the rectifier dc current under different
operating frequencies are shown in Fig. 12. With a wide
variation of the operating frequency, the system efficiency
and the output power remain stable. In addition, there is a
maximum output power corresponding to a particular rectifier
dc current. This particular rectifier dc current to achieve the
maximum output power is close to the value of 5.6 A derived
in [12], expressed as

Irec−max P =
√

2

2

Uinv

ωM
. (20)

Below this rectifier dc current value, the output power is
proportional to the rectifier dc current. Also, the WPT system
works in the ZVS zone, which is good for the efficiency
of the inverter where metal–oxide–semiconductor field effect
transistors are adopted. Hence, the system efficiency remains
high in this area.

IV. CONCLUSION

The model of an SP-compensated WPT system has been
established based on DEs. The analytical expressions of the
coil currents and capacitor voltages have been derived. There
are two sinusoidal components with frequencies related to the
coupling coefficient in the TX and RX coil currents. Under
a strong coupling, these two frequencies are significantly
different, resulting in the current distortion. Thus, compared

with FHA, the proposed model achieves more accurate results.
Furthermore, it has been found that with the increasing rectifier
dc current, the system transits from ZVS to ZCS. The critical
rectifier dc current decreases with the increasing operating
frequency. The system achieves stable high system efficiency
and output power. Therefore, the operating frequency can be
adjusted to achieve ZVS or ZCS. An experimental prototype
has been implemented. The proposed model matches well with
the experimental results.

The DEs for the SS and LCC–LCC compensations have
also been derived which shows that the proposed model can
be easily applied to other compensations. With the proposed
model, this paper tries to offer insight into the distortion
mechanism and practical design of a strongly coupled
SP-compensated WPT system, and also for other
compensations.
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