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a b s t r a c t

This paper proposes an improved interleaved voltage measurement method for battery packs in electric
vehicles, which can distinguish between the sensor fault and cell fault without hardware or software
redundancy. The coprime constraint in the basic interleaved measurement method is revisited with a
new proof, and a graphical interpretation is introduced to visualize the constraint. Based on that, an
improved measurement topology is developed to remove the coprime constraint which enables broader
application. Moreover, the hardware implementation of the improved method is discussed based on cost
and circuit design. The associated improvement in noise performance is mathematically formulated, and
the noise limit and trend of the interleaved measurement method are derived. Simulation results match
the noise analysis and experiments validate the broader application of the improved method.

Published by Elsevier B.V.
1. Introduction

Vehicle electrification has been identified to be an effective
approach to coping with energy crisis and greenhouse effect. The
electrification promotes electric vehicles and hybrid electric vehi-
cles to achieve better overall powertrain efficiency and to reduce
emissions [1]. The energy storage system is an essential component
in the electrified vehicles, and the majority of the systems nowa-
days utilizes lithium-ion batteries, which possess high energy/po-
wer density and long service life [2]. The high energy/power
property of the lithium-ion batteries improves the vehicle perfor-
mance and extends the travel range, nevertheless, the appealing
Xia), tqn001@eng.ucsd.edu
@sdsu.edu (C. Mi).
properties may result into unexpected severe fire hazards when the
batteries are not treated properly [3e6].

To ensure safe operation in electrified vehicles, the battery
management system (BMS) is incorporated into the lithium-ion
battery systems [7]. The BMS monitors the voltage, current and
temperature values of battery cells, estimates the states of the
batteries, and actively maintains their safe operation conditions by
fault detection and mitigation strategies [8e10]. Previous research
has investigated that, among all the three measurements, the
voltage is the most crucial for battery safety because of the prompt
response and high sensitivity tomajor electric faults, including over
charge, over discharge, external short circuit and internal short
circuit [11,12]. Therefore, a reliable voltage measurement system is
critical to identify the safety status of the lithium-ion battery packs.

The conventional voltage sensing system measures the voltage
of each battery cell with one voltage sensor for each battery cell.
The one-to-one correspondence guarantees that the voltage for
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every cell is monitored. Unfortunately, this voltage measurement
approach is not fault-tolerant. In other words, the one-to-one
mapping cannot distinguish between sensor malfunction and cell
failure, when an abnormal reading is observed. However, the cost of
the corresponding mitigation actions varies significantly. The
sensor failure is a low level fault, and the electric vehicle can be
switched to the “limp home” mode for future maintenance,
whereas the short circuit failure on a cell is a high level fault, which
requires immediate power interruption for protection purposes.

Therefore, a sensor fault detection and isolation approach is
necessary to enhance the reliability of voltage measurement in the
battery packs. In general, the fault detection and isolation ap-
proaches utilize the concept of redundancy, which can be grouped
into hardware redundancy and analytical redundancy [13], as
illustrated in Fig. 1. The hardware redundancy compares the output
signals of duplicative sensors to a same measurement. Usually, in
order to determine the root cause of the fault, it requires at least
two additional sensors to implement the majority vote algorithm.
The inherent drawbacks of the hardware redundancy are that, 1)
the system cost, size and complexity are increased; 2) the overall
system reliability is lowered due to additional components [14].
The analytical redundancy saves the extra hardware expenses at
the cost of the increase in computational burden. First, battery
models in different working conditions, including normal and
various fault modes, are required to be constructed and identified
beforehand. Then the voltage outputs in different scenarios are
estimated based on the current input. Finally, the sensor output is
compared with model outputs to identify the fault [15e18]. How-
ever, the disadvantages of the software redundancy lie in that: 1)
abundant preliminary work is required to build accurate battery
models [19]; 2) the robustness of the models cannot be guaranteed
given the complex nonlinear behavior of batteries and disturbances
in real applications; 2) when a fault is flagged, it can result from a
sensor fault or a mismatched model.

Given the limitation of the redundancy based sensor fault
detection methods, the authors proposed a fault-tolerant voltage
measurement method for series connected battery packs, which
does not require additional sensors or any effort in modeling [20].
For n battery cells connecting in series, the proposed method re-
quires n voltage sensors. More importantly, each voltage sensor
measures the voltage sum of k battery cells (2 � k<n) in an inter-
leaved manner. In this way, each cell voltage is coupled with mul-
tiple voltage sensors. If any cell is in fault condition, the abrupt
change in cell voltage will be captured by multiple voltage sensors.
For example, the embodiment of k¼ 2 is illustrated in Fig. 2(b). C2 is
coupled with both V1 and V2. If C2 is decreased suddenly because
of a fault occurrence, then a decrease with same amount should be
observed in both V1 and V2. Since it is less possible for two voltage
Fig. 1. Illustration of redundancy based fault detection and isolation.
sensors to be in the same fault condition at the same time, a cell
fault can be determined. Similarly, one sensor reading is also linked
with multiple cell voltages in the inverse calculation. When a
sensor fault occurs, the voltage of multiple cells will change
abnormally in a specific pattern, and the sensor fault can be
determined. Except the fault detection and isolation, the previous
work also 1) discussed the feasibility of the method in real imple-
mentation; 2) demonstrated the associated noise level increase; 3)
analyzed the effect of k on the confidence level of cell/sensor fault
detection and 4) derived that n and k should be coprime such that
the measurement matrix is invertible, or the cell voltage can be
calculated from the sensor readings, i.e., the sensor topology is
valid. More detailed analysis and comparison with the existing
measurement methods can be found in Ref. [20].

This manuscript is an extension of the previously proposed
interleaved voltagemeasurementmethod. The contributions of this
paper are: 1) a more concise derivation for the condition of valid
sensor topology is provided; 2) based on the new derivation, an
improved sensor topology is proposed which is not constrained by
the coprime relation of n and k; 3) the associated noise level in-
crease is mathematically formulated and the limit of the noise level
is derived; (4) the improved sensor topology is proved to have a
lower noise level than that of the previous work.

The paper first briefly introduces the key properties of the
interleaved voltage measurement method. Then, a new proof for
the condition of valid sensor topology is derived with the concept
of the circulant matrix. A graphical interpretation is introduced to
visualize the relation of n and k on the invertibility of the mea-
surement matrix, based on which an improved sensor topology is
developed. Next, the hardware implementation is discussed for the
newly proposed sensor topology. After that, the noise level increase
is mathematically formulated. The lower limit of the noise level is
found, and the improved sensor topology is proved to have a lower
noise level than that of the previously proposed topology. Finally,
simulation results confirm the noise analysis and experiment re-
sults validate the feasibility of the improved interleaved measure-
ment method.

2. Brief review of the previous work

Mathematically, the voltages of n battery cells in series
connection are correlated with the voltage readings from n voltage
sensors by (1).

V ¼ AC (1)

where V is an n � 1 matrix that includes the voltage sensor read-
ings, C is an n � 1 matrix that includes the cell voltages, and A is an
n� nmatrix that characterizes the sensor topology. Conversely, cell
voltage values can be calculated from the voltage sensor readings
by

C ¼ A1V ¼ BV (2)

where B is the inverse of the A matrix.
The conventional voltage sensor topology is illustrated in

Fig. 2(a), whose A and B matrices are given in (3) and (4),
respectively.2
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Fig. 2. Schematics of two different measurement topologies.
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Our previous work has introduced an interleaved voltage mea-
surement topology that can distinguish between cell fault and
sensor fault in series connected battery packs as shown in Fig. 2(b)
[20]. The embodiment of n ¼ 5 for the interleaved topology is given
in (5) and (6), respectively. It needs to be noted that the Amatrix of
the interleaved sensor topology is more “complex” than that of the
conventional sensor topology, or the conventional sensor topology
is a special case of the interleaved sensor topologywhere the sensor
matrix is an identity matrix.
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From the fault diagnostic perspective, the identity measurement
matrix is not favorable, because the one-to-one correspondence of
the sensor to cell relation leaves the ambiguity when a fault occurs,
i.e., there is no way to distinguish between sensor and cell failure
when a voltage sensor shows an abnormal value. On the other
hand, by observing the columns of A and B matrices of the inter-
leaved topology, each cell's voltage value is associated with two
voltage sensors as shown (5), and each sensor reading is conversely
associated with multiple cell values based on a specific pattern as
shown (6). It is important to note that these patterns are unique,
otherwise the matrices will not have full column rank, which
contradicts with the fact that A and B should be invertible. Hence,
the unique patterns in both (5) and (6) can be utilized to isolate the
source of abnormal signal changes, and thus determine the fault
location.
In general, if the cell voltage is modeled as

C ¼ Cnormal þ Cfault (7)

where Cnormal is the cell voltages in normal conditions and Cfault is
the cell voltage changes in fault conditions. Then Cfault can be iso-
lated by

Cfault¼ CCnormal¼ A1VCnormal (8)

Similarly, when sensor fault occurs, the sensor fault can be
isolated by

Vfault¼ VVnormal¼ VACnormal (9)

where Vnormal is the voltage readings from sensors and Vfault is the
voltage changes in readings in fault conditions.

The measurement topology can be generalized to the case
where the voltage sensors measure the sum of k consecutive cell
voltages ð2 � k<nÞ, as indicated in (10).
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The analysis and derivation in the previous work lead to the
following conclusions [20]:

a) The n and k need to be coprime, such that the resulting A
matrix is invertible, otherwise the cell voltages cannot be
obtained from the voltage readings. A simple example is



B. Xia et al. / Journal of Power Sources 334 (2016) 12e22 15
given in (11), where the Amatrix is not invertible when n¼ 4
and k ¼ 2.

b) The larger the k is, the more confidence level in the fault
distinction, but the confidence level has negligible change
when k � 2.

c) Given reasonable range of k and n in real applications, where
k � 4 and n � 16, the noise level increases as k or n increases.

d) A larger k requires higher voltage ranges for sensors and thus
increases the cost.

Even though the previous work presents extensive discussion
on the interleaved sensor topology, including fault isolation,
detection confidence, hardware implementation, noise level and
conditions for invertible Amatrix in the form of (10), there are still a
few problems that require continuing effort: 1) the derivation of the
invertibility condition for n and k in (10) is too complicated; 2) the
application of the A matrix in the form of (10) is constrained
because n and k are required to be relative prime; 3) the limit and
trend of the noise level variation need to be mathematically
formulated.

3. Extension of the measurement matrix

3.1. A new proof based on circulant matrix

In this section, a new proof is presented for the invertibility
condition of the A matrix in the form of (10). The new proof is not
only more concise, but also sheds light on the performance
improvement for the interleaved sensor topology, which is covered
in later sections.

Proposition 1: A matrix is invertible if and only if its determi-
nant is nonzero [21].

Combined with the following property of the determinant.

detðAÞ ¼
Yn�1

i¼0

li (12)

where li is the (iþ1)th eigenvalue of an n � n matrix, the next
proposition is obtained.

Proposition 2: A matrix is invertible if and only if none of its
eigenvalues is zero.

Now, we need to introduce the concept of the circulant matrix. A
circulant matrix is a special kind of matrix, where each row is
rotated one element to the right relative to the preceding row [22].
Indeed, the A matrix is a circulant matrix. The basic properties of
the circulant matrix give the following proposition.

Proposition 3: The eigenvalues of the circulant matrix are the
Fig. 3. Graphical representation of eigenv
discrete Fourier transform (DFT) of its first row [23].
Denote the first row of an n � n circulant matrix as

½a0; a1;/; an�1�, then according to Proposition 3, the eigenvalues
of (10) can be expressed as

li ¼
Xn�1

m¼0

ame�j2pn im ¼
Xk�1

m¼0

e�j2pn im; i ¼ 0;1;/;n� 1 (13)

where j is the unit imaginary number. Since the eigenvalues are
sums of geometric series, their expressions can be simplified as

li ¼

8><
>:

k i ¼ 0

1� e�j2pn ik

1� e�j2pn i
is0

(14)

By Proposition 2, the invertibility of (10) is ensured when none
of the eigenvalues in (14) is zero. Clearly, the eigenvalue is nonzero
when i ¼ 0. When is0,

li ¼ 0⇔1� e�j2pn ik ¼ 0⇔e�j2pn ik ¼ 1 (15)

In order to keep all eigenvalues nonzero, it requires

2p
n

iks2pp⇔ikspn; for any i ¼ 1;2;/;n� 1 and any p2N

(16)

The statement of (16) is equivalent to examine whether the
multiple of k is also a multiple of n. It shows that none of the ik is a
multiple of n for i ¼ 1;2;/;n� 1, or none of them is a common
multiple of n and k. It is universally acknowledged that nk is a
common multiple of both n and k, and when (16) is true, nk is also
the least commonmultiple of n and k. This fact indicates n and k are
coprime.

3.2. Graphical interpretation of the choice of n and k

The first row of (10) consists of k consecutive ‘1's followed by (n-
k) consecutive ‘0's. Its eigenvalues can be visualized by plotting the
DFT of its first row versus the angle 2p i

n; i ¼ 0;1;/;n� 1 as (13).
When k is fixed and n is a very large number, the profile of the
eigenvalues can be obtained for this specific k. Then the eigenvalues
of a small n* are the corresponding values at 2p i

n*; i ¼ 0;1;/;n* �
1 on the profile.

As an example, the solid line in Fig. 3(a) shows the case of
n ¼ 100 and k ¼ 4. The stems in Fig. 3(a) give the eigenvalues of
n ¼ 5 and k ¼ 4. It can be seen that the eigenvalues of n ¼ 5 and
k ¼ 4 are (4, 1, 1, 1, 1). Since none of these eigenvalues is zero, the
alues of the measurement matrices.
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combination of n ¼ 5 and k ¼ 4 is invertible, and the corresponding
measurement topology works.

It is interesting to note that there are three potential points on
the profile, where the values are zero. If any of the stems falls on the
zero points, it will lead to noninvertible measurement matrix and
the corresponding measurement topology does not work. In gen-
eral, the eigenvalue profile on the 2p horizontal span is divided into
k parts by the k-1 evenly distributed zero points. If n is a multiple of
k, then there must exist an i such that i

n ¼ 1
k, and this i will place a

stem at one of the zero points.
If the derivation from (14) to (16) is revisited, it is clear that the

first eigenvalue will never be zero. As long as k is not a factor of n,
the stems will never fall on the zero points on the profile. The
graphical interpretation matches the previous derivation and as-
sists us to visualize the n and k choices.
3.3. Extension based on graphical interpretation

Based on the mathematical analysis and the graphical inter-
pretation, it proves that n and k need to be relative prime for the
basic interleaved measurement matrix as (10). In real battery ap-
plications, the number of batteries in a module, or n, is usually a
multiple of 6 or 12. This is because these two numbers have many
factors and it simplifies the pack design and assembly. Neverthe-
less, many of the factors are not favored in the measurement to-
pology as shown in (10), because these factors cannot be used as k
to construct a valid measurement topology. For example, if the
number of cells in amodule is 12, then the only choices for k are 5, 7
and 11. The high value of k choices causes 1) more complicated
hardware implementation; 2) higher voltage range for each sensor;
3) higher noise level compared with that of the traditional topol-
ogy. In this section, an improved measurement matrix is proposed
such that the constraint is removed.

The graphical interpretation shows that the limitation of n and k
choices is caused by the zero points in the DFT profile. In other
words, if the DFT profile is not zero anywhere over the 2p span,
then the corresponding A matrix should be always invertible.

As the case of two nonzero first row entries, the two entries can
be normalized to be a0 ¼ 1, and a1 ¼ q (q > 0). As an example, the
DFT profiles of q¼ 1 and q¼ 0.5 are given in Fig. 3(b). It shows that,
when q ¼ 1, which is the case of (10), the dashed profile equals to
zero when the angle equals to p, whereas the solid line does not
equal to zero anywhere over the horizontal span. This is because
the zero eigenvalue emerges when

li ¼ a0 þ a1e
�j2pn i ¼ 1þ qe�j2pn i ¼ 0; for i ¼ 0;1;/;n� 1

(17)

In the case of q ¼ 1, li is zero when the angle is p, leaving the A
matrix noninvertible. However, this situation can be easily
improved by assigning different values for a0 and a1. Consequently,
the DFT profile will never “touch” zero, and the resulting Amatrix is
always invertible no matter what n value is chosen. Therefore, for
the special case of two nonzero row entries, the A matrix is always
invertible regardless of the choice of n when a0=a1s1.

Actually, this design can be extended to other number of
nonzero entries as well. The ultimate goal is to ensure none of the
eigenvalues is zero. In more general cases, the row entries in geo-
metric series guarantee the invertibility of A for any combination of
n and k, as

ai ¼
�
qi i ¼ 0;1; /; k� 1; q>0 and qs1
0 k � i � n� 1

(18)
4. Hardware implementation

4.1. Voltage sum of separate cells

The realization of the interleaved topology is limited to the
hardware implementation. The first problem is that the voltage
sum of cells is hard to obtainwhen they are separated by other cells,
which is needed as the realization of the last row of (5). The pre-
vious work has proposed a circuit that calculates the separate
voltage sum with additional pairs of resistors [20] compared with
the classic differential amplifiers, as given in Fig. 4(a), where Viþ
and Vi- connect to the positive and negative terminals of battery
cells. With slight modification, it can be used to realize the case
with different nonzero entries. For example, if there are only two
separate cells, Vo ¼ �½ðV1þ � V1�Þ þ qðV2þ � V2�Þ� can be realized
when the resistor values follows the relation as

R1 ¼ Rf ;R2 ¼ 1
q
Rf ;Rh ¼ Rf Rg

Rf þ Rg
(19)
4.2. Number of switches

The typical sequential voltage measurement circuit is given in
Fig. 4(b) [24]. It shows that the conventional measurement topol-
ogy requires 2n switches because two terminals conduct to the
measurement circuit at each sampling interval.

For the measurement topology of (10), a same number of
switches are needed, because the consecutive cell measurements
also need two terminals conducting to the measurement circuit
within one sampling, as shown in Fig. 4(c). If the row entries of the
A matrix are not the same, the number of switches needs to be
increased due to an additional path to the measurement circuit
within each sampling as shown in Fig. 4(d). Given different row
entries, this additional path provides more information from the
cell voltages, which is the key to make the measurement matrix
invertible. In the general case of (18), where the first row entries are
different and consecutive, the number of switches increases as k
increases. Thus, from the cost perspective, the choice of two
nonzero entries is most favored in the interleaved voltage mea-
surement topology.
5. Noise analysis

5.1. General analysis of noise level gain

The noise of the voltage sensors can be modeled as the white
noisewith a zeromean value and a standard deviation of s. Herewe
assume that: 1) s is the noise standard deviation of the voltage
sensor whose range covers a typical cell voltage; 2) the noise
standard deviation is proportional to the number of series cells it
measures; 3) the noises of different voltage sensors are uncorre-
lated. Then the variance of the sensor measurement can be
expressed as

VarðViÞ ¼
Xn�1

p¼0

�
aps
�2
; i ¼ 0;1;/;n� 1 (20)

The noise level gain, GNL, is defined as the noise standard de-
viation of the cell voltages obtained from the interleaved topology
divided by that of the conventional topology. With Proposition 4,
denote the row entries of the inverse of A matrix as



Fig. 4. Circuits for voltage measurements.
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½b0; b1;/; bn�1�, then the noise level gain can be derived as (21).
Proposition 4: The inverse of an invertible circulant matrix is

also a circulant matrix [25].

GNL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðPn�1

i¼0 biViÞ
s2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðViÞ

Pn�1
i¼0 b2i

s2

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi Pn�1
i¼0 ais

!2Pn�1
i¼0 b2i

s2

vuuuut
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi Xn�1

i¼0

ai

!2Xn�1

i¼0

b2i

vuut (21)

It is discussed in Ref. [26] that the general solution of the inverse
of a circulant matrix is given as

bi ¼
Xn�1

m¼0

ej
2mip
n

n
�
a0 þ a1ej

2mp
n þ/þ an�2e�j4mp

n þ an�1e�j2mp
n

�; i

¼ 0;1;/;n� 1 (22)

For simplicity, bi is expressed as an n � n matrix as (23). If the
entry in the (iþ1)th row and (mþ1)th column is denoted as bi,m, then
when i ¼ 0, the numerators of b0,m, m ¼ 0, 1, …, n-1, are 1; when
m ¼ 0, the exponential terms in the denominators are 1. Next, the
matrix representation of b is used to prove a proposition.
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(23)

Proposition 5: The sum of the row entries of Bmatrix equals the
inverse of the sum of the row entries of A matrix.

First, this proposition can be proved by assigning special values
to cell voltages.When Ci¼ 1, for i¼ 1,2,…,n, Vi ¼

Pn�1
p¼0ap as (24). As

Ci is calculated from B matrix as (25), the equation indicatesPn�1
p¼0ap

Pn�1
p¼0bp ¼ 1.
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Proposition 5 can also be proved by (23) in a straightforward
way. Except the first column, the sum for each column equals to 0.
The sum of Bmatrix then equals the sum of the first column and the
result is 1=

Pn�1
p¼0ap, which is the inverse of the sum of row entries of

A matrix.
The same technique can be applied to calculate the sum of bi2,

which is an essential part of GNL. An n� ðnþ C2
nÞ matrix is con-

structed as (26), where C2
n is the number of combination sets for

choosing 2 objects from n distinct objects.
2
6664

b20
b21
«

b2n�1

3
7775 ¼

2
6664

b20;0 / b20;n�1 2b0;d0ð1Þb0;d0ð2Þ / 2b0;dn�1ð1Þb0;dn�1ð2Þ
b21;0 / b21;n�1 2b1;d0ð1Þb1;d0ð2Þ / 2b1;dn�1ð1Þb1;dn�1ð2Þ
« « « «

b2n�1;0 / b2n�1;n�1 2bn�1;d0ð1Þbn�1;d0ð2Þ / 2bn�1;dn�1ð1Þbn�1;dn�1ð2Þ

3
7775
2
41
«
1

3
5 (26)
where di2Sn, Sn is the set of all combinations of choosing 2 values
from 0;1;/;n� 1, and di is one of the combination within Sn.

It can be observed from the n� ðnþ C2
nÞmatrix that every entry

is closely related to the product of b. For a given column, its entries
can be expressed as

abi;ubi;v ¼ a
ej

2ip
n uej

2ip
n v

n
Pn�1

p¼0 ape
j2pupn n

Pn�1
p¼0 ape

j2pvpn

¼ a
ej

2ðuþvÞpi
n

n2
Pn�1

p¼0 ape
j2pupn

Pn�1
p¼0 ape

j2pvpn
(27)

where 0 � u � v � n� 1, and a depends on the column index m
(note m starts from 0) as

a ¼
�
1; m ¼ 0;2;/;n� 1
2; m ¼ n;/;nþ C2

n � 1 (28)

There are two important facts for (27): 1) the denominators are
the same for the same column; 2) the common ratio of the nu-
merators for the same column is ej

2ðuþvÞp
n . Thus, the sum of a column

can be written as

a
Xn�1

i¼0

bi;ubi;v ¼

8>>>>>>>><
>>>>>>>>:

a
1

n
Pn�1

p¼0 ape
j2pupn

Xn�1

p¼0

apej
2pvp
n

; ej
2ðuþvÞp

n ¼ 1

0 ; ej
2ðuþvÞp

n s1

(29)
It shows that so long as the common ratio is not 1, the sum
of one column is 0. For an odd number of n, there are two
possible situations where the common ratio is 1: 1) when
m � n� 1, u ¼ v ¼ 0; 2) when m>n� 1, u þ v¼n. Obviously,
the number for case 1) is 1, and the number for case 2) is (n-1)/
2. Combined with similar cases where n is an even number, the
Cauchy-Schwarz inequality in (30) leads to (31), (32) and finally
Proposition 6.

Xn�1

p¼0

apejpq
Xn�1

p¼0

apejpð2p�qÞ ¼
Xn�1

p¼0

apejpq
Xn�1

p¼0

ape�jpq �
0
@Xn�1

p¼0

ap

1
A2

(30)
Pn�1

i¼0
b2i ¼ 1

n

0
@Xn�1

p¼0

ap

1
A2 þ 2

1

n
Pn�1

p¼0 ape
j2ppn
Xn�1

p¼0

apej
2pðn�1Þp

n

þ /

þ2
1

n
Pn�1

p¼0 ape
j2ppn

�
n
2�1
�Xn�1

p¼0

ape
j2pðn�1Þp

n

�
n
2þ1
�

>
1

n

0
@Xn�1

p¼0

ap

1
A2 þ 2

1

n

0
@Xn�1

p¼0

ap

1
A2 þ/þ 2

1

n

0
@Xn�1

p¼0

ap

1
A2

¼ 1

n

0
@Xn�1

p¼0

ap

1
A2 þ 2

n� 1
2

1

n

0
@Xn�1

p¼0

ap

1
A2 ¼ 1 0@Xn�1

p¼0

ap

1
A2

(31)

GNL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi Xn
i¼1

ai

!2Xn
i¼1

b2i

vuut >1 (32)

Proposition 6: The noise level for the interleaved measurement
topology is always larger than that of the conventional topology.
5.2. Noise level gains for two nonzero entries

The first row of the general measurement matrix with two
nonzero row entries is ½1; q;0;/;0�. The square of noise level gain
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can be expressed as

G2
NL ¼

 Xn
i¼1

ai

!2Xn
i¼1

b2i ¼ a

n

Xn�1

p¼0

ð1þ qÞ2�
1þ qejpqp

��
1þ qe�jpqp

� (33)

where qp ¼ 2pp
n .

The derivative of the term is

dG2
NL

dq
¼ a

n

Xn�1

p¼0

�
ejpqp þ e�jpqp � 2

��
q2 � 1

�
�
qe�jpqp þ 1

�2�
qejpqp þ 1

�2 (34)

The two terms in the denominator are conjugate pairs, so their
product is always positive. The first term in the numerator is always
smaller than zero because the sum of the conjugate pairs are
smaller than 2. Given the fact that q and GNL are always positive, the
following relation holds for the case of two nonzero entries

dGNL

dq

8<
:

>0
¼ 0
<0

; q2ð0;1Þ
; q ¼ 1
; q2ð1;þ∞Þ

(35)

Eq. (35) indicates that the global maximum of GNL is at q¼ 1. The
above analysis proves that, given two nonzero entries, the mea-
surement noise level is the largest when q ¼ 1, and the measure-
ment noise level can be decreased by varying the value of q.
6. Simulation

Simulations are set up in MATLAB to demonstrate the trend of
the noise level gain. In the simulation, the measurement noise is
white, and its standard deviation is linear with the range of the
voltage sensors. The cell voltage values are then calculated from the
contaminated measurements and the standard deviation of the
calculated cell voltages is compared with that of the conventional
sensor topology. The cell voltages are set to be 3 V, n ranges from 3
to 12, and q ranges from 0 to 5 at a step of 0.01. The noise level gains
are plotted in Fig. 5.

Here list several important observations from Fig. 5:
Fig. 5. Simulated GNL for different q and different n.
a) The GNL converges to 1 as q goes to 0. This is because when q
equals to 0, the measurement topology is equivalent to the
conventional sensor topology.

b) The GNL converges to 1 as q goes to infinity. An extension
from Proposition 4 shows that the GNL does not change when
all the row entries are multiplied by a nonzero number.
Denote the measurement matrix with first row entries of
[1,q,0,/,0] as circð1; q;0;/;0Þ. Then the GNL of
circð1; q;0;/;0Þ is the same as that of circðq�1;1;0;/;0Þ,
which is obviously the same as circð1; q�1;0;/;0Þ. As q goes
to infinity, the proposed topology converges to the conven-
tional measurement topology and GNL converges to 1.

c) The GNL is always greater than 1 except at q¼ 0. This matches
the derivation in Proposition 6.

d) When n is an even number, the GNL goes to infinity at q/1, as
illustrated by the dashed lines. When q¼ 1, n and k should be
relative prime to obtain invertible A matrices. However, the
even numbers are not prime to k in this case. Therefore, the
measurement topology cannot be solved, and the GNL goes to
infinity.

e) When n is an odd number, the GNL is at its global maximum at
q ¼ 1, as illustrated by the solid lines. This matches the
derivation in Section 5.2.
7. Experimental

In order to demonstrate the broader application of the improved
measurement topology, an experiment is conducted for the case of
n ¼ 6 with two nonzero first row entries of 1 and 0.5. It needs to be
noticed that n¼ 6 is not invertible in the previous work where both
of the two row entries are 1. The schematic of the experimental
setup is shown in Fig. 6(a), and the picture for the interleaved
measurement circuit board is given in Fig. 6(b).

The urban dynamometer driving schedule (UDDS) is applied to
the six-cell string, and an external short circuit fault is induced at
200.7 s by shorting C3. The results of the cell fault experiment are
given in Fig. 7. The sensor fault is induced at 173.4 s by dis-
connecting the jump wire in the sensing trace of V6. The results for
the sensor fault experiment are given in Fig. 8.

As introduced in Section 2, the fault can be distinguished and
isolated by the specific patterns indicated by the cell fault or sensor
fault signals. Fig. 7(c) and (d) show that C3 is in fault condition,
because 1) it is almost impossible for both V2 and V3 to be in fault
condition at the same time; 2) the fault signals in Fig. 7(d) follow
the specific pattern of (0 0.5 1 0 0 0)T, which is the third column of
circð1;0:5;0;0;0;0Þ, indicating abnormal changes on C3.

Likewise, Fig. 8(a) and (b) demonstrate the sensor fault on V6
because the cell fault signals follow the pattern of (�0.0317
0.0635 �0.1270 0.2540 �0.5079 1.0159)T, which is the last column
of the inverse of circð1;0:5;0;0;0;0Þ. Thus, the sensor fault on V6
can be determined.

8. Discussion

8.1. Benefits of the improved measurement topology

It can be learnt from the experiment that the improved mea-
surement topology is solvable even though the n and k are not
prime to each other, which is not possible in the basic interleaved
topology. This point is confirmed by the simulation results in Fig. 5
that the noise level gains as q/1 for even numbers (dashed lines)
approach infinity, i.e., the cell voltages cannot be solved from the
sensor readings, because even n numbers are not coprime to k ¼ 2.
However, by varying the q values, the noise level gains are finite and



Fig. 6. Experiment setup for validation.

Fig. 7. Experiment results for cell fault diagnostic at 200.7 s.
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Fig. 8. Experiment results for sensor fault diagnostic at 173.4 s.
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can be designed beforehand.
The other key improvement is also illustrated in Fig. 5 that the

global maxima of all the curves are at q ¼ 1, indicating that the
improved measurement topology lowers the noise level gains by
varying the q value.
Table 1
Limitation and preferred choice of the first row entries of the measurement matrix.

Limitation Preferred choice

Cost Small k, consecutive and all ‘1’s are preferred.
Invertibility of topology Geometric series.
Noise Noise can be reduced by varying q (max. at q ¼ 1).
Diagnosis confidence Negligible improvement when k > 2.
8.2. Selection of row entries

The simulation and experiment demonstrate that the row en-
tries of the measurement matrix have substantial effect on the
performance of the corresponding measurement topology. The
effects are discussed in detail as follows, and they are summarized
in Table 1.

First, from the cost perspective, k should be as small as possible
(k � 2<n), because the number of switches increases as k
increases.

Second, from the invertibility perspective, the interleaved to-
pology can be more widely applied by varying the row entries. One
universal solution is the row entries in geometric series as (18).
Combined with the first point, the best candidate for the first row
entries is 1 and q followed by all zeros (qs1 ).

After that, from the noise perspective, the maximum noise level
occurs when q¼ 1 for two nonzero row entries. The lower bound of
the noise level gain cannot be achieved, however, an appropriate
value of q can be selected such that the noise level is reduced.

Next, it needs to keep in mind that q should not be too small for
the voltage measurements to be identified from other source of
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noises, and q should not be too large due to its corresponding in-
crease in the voltage level of the power supplies for the measure-
ment circuits.

In addition, the previous work shows that the confidence level
of the fault distinction increases as k increases. However, it also
shows that the confidence level has negligible improvement when
k is larger than 2.

In summary, the optimal choice of k is 2 and the two nonzero
entries are 1 and q, where qs1.

9. Conclusion

An improved non-redundancy based sensor fault isolation and
detection methodology is introduced for voltage measurement in
battery management systems. The basic interleaved measurement
topology is able to distinguish between sensor fault and cell fault
without extra sensors or cell models. Meanwhile, this basic method
is constrained to the coprime relation of n and k, which limits its
engineering application. This paper provides a new proof to the
coprime relation derivation, and further develops a graphical
interpretation to visualize the impact of n and k choices to the
invertibility of the measurement matrix. An improved measure-
ment matrix is then proposed based on the graphical interpreta-
tion, which removes the coprime constraint by assigning different
row entries.

Then, the hardware implementation of the improved mea-
surement matrix is discussed. The different first row entries can be
realized by simple modification of resistance values of the voltage
sum circuits. It is also explained that k ¼ 2 is the best choice from
the cost perspective.

Next, the noise level increase of the interleaved measurement
method is formulated. The analytical expression of the noise level
gain is derived. The results indicate that 1) the noise level of the
interleaved measurement method is always larger than that of the
conventional method; 2) the improved method has a lower noise
level than that of the basic interleaved topology.

Later discussion explains that a measurement matrix with two
different row entries is the optimal choice for the interleaved
measurement topology, based on the analysis in cost, invertibility,
noise and detection confidence. At last, the simulation results show
the same trend and limit as those in the noise analysis, and the
experiment results demonstrate the broader application with a
case of non-coprime n and k pair.

The advantages of the interleaved measurement method is that
it can distinguish sensor and device fault without hardware or
software redundancy. The disadvantages are 1) the noise levels are
increased and 2) the cost in hardware implementation is increased.
This paper focuses on the improvement to the basic interleaved
voltage measurement method. More detailed discussion of the
advantages/disadvantages of the interleavedmeasurement method
and comparison with the existing measurement methods can be
found in Ref. [20].
It is important to note that the improved interleaved measure-

ment is not limited to battery voltage measurements. It is a
methodology that can be extended to other quantity measure-
ments, where the same measurement to multiple same subjects is
needed and the fault tolerance is critical.
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